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SIPANJE DELCEV S SPINOM V KVANTNI KROMODINAMIKI NA
MREI
Izvle£ek
Kvantna kromodinamika (QCD) je podro£je zike osnovnih delcev, ki opisuje
mo£no interakcijo ter njene pojave. Perturbativna QCD deluje odli£no za ener-
gije ve£je od 1 GeV, kjer je sklopitvena konstanta αs veliko manj²a od ena. Pri
niºjih energijah perturbativnega razvoja ne moremo uporabiti in zato potrebujemo
neperturbativne pristope k re²evanju. Eden izmed mogo£ih pristopov je kvantna
kromodinamika na mreºi (LQCD).
Hadroni so ve£inoma resonance, ki lahko razpadajo preko mo£ne interakcije. Na
mreºi mo£ne razpade raziskujemo kot sipanje hadronov. V preteklih letih so eks-
perimenti odkrili veliko eksoti£nih hadronov (tetra- in penta-kvarkov). Sipanje ha-
dronov in hadronska spektroskopija sta prodro£ji kvantne kromodinamike na mreºi
(LQCD), ki ju raziskujemo v tej tezi.
Hadronske resonance lahko razpadejo v pare hadronov s spinom ali brez njega. Za
raziskovanje sipanja dveh hadronov potrebujemo operatorje, ki kreirajo in anihilirajo
utrezno dvohadronsko stanje. Dvohadronske operatorje uporabimo v simulacijah na
mreºi. V tej tezi na tri na£ine izra£unamo dvohadronske operatorje za sipanje delcev
s spinom. Vse tri metode za izra£un dajo konsistentne rezultate, kar tudi pokaºemo.
Navedemo operatorje s skupno gibalno koli£ino ni£ za sipanje v vseh nerazcepnih
upodobitvah oktahedralne grupe O(2)h . Izra£unani operatorji so omejeni na primere
s skupno gibalno koli£ino ni£, saj je za tak primer parnost dobro kvantno ²tevilo.
Povzamemo izpeljavo povezave med dvo-hadronsko sipalno amplitudo in lastnimi
energijami izra£unanimi na mreºi, ki jo je originalno izpeljal Lüscher. Z uporabo
kvantne teorije polja izra£unamo povezavo za sipanje delcev brez spina ter jo nato
posplo²imo na primer za sipanje delcev s spinom. Izpeljano povezavo uporabimo za
napoved lastnih energij sistema N − J/ψ za primer, ko je resonanca Pc sklopljena
le s tem sipalnim kanalom.
Na mreºi s pionsko maso mπ ≈ 266MeV simuliramo sipanje nukleona in mezona
J/ψ ter nukleona in mezona ηc. Simuliramo sipanje z vsemi mogo£imi vrtilnimi koli-
£inali JP v vseh nerazcepnih upodobitvah oktahedralne grupe. Prvi opravimo simu-
lacije na energijskemu obmo£ju pentakvarkov Pc. Pc raziskujemo v eno-kanalnemu
pribliºku. Iz sistema s skupno gibalno koli£ino ni£ izlu²£imo energije lastnih stanj v
vseh ²estih nerazcepnih upodobitvah. Ne opazimo nobenega energijskega premika,
²tevilo opaºenih stanj se ujema s ²tevilom, ki ga predvideva ne-interagirajo£a limita
za sipanje nukleona in £armonija. Najverjetnej²a razlaga na²ih rezultatov je, da
pentakvark Pc ni sklopljen le na en sipalni kanal (J/ψ − N ali ηc − N), ampak je
verjetno posledica sklopljenega sipanja ali ob£utne interakcije v drugih kanalih (npr.
£aroben mezon in £aroben barijon).
Klju£ne besede: kvantna kromodinamika na mreºi, hadroni, spektro-
skopija, sipanje s spinom, elasticno sipanje, pentakvark

SCATTERING OF PARTICLES WITH SPIN IN THE LATTICE QCD
Abstract
Quantum chromodynamics (QCD) is an area of particle physics investigating
strong interaction and its phenomena. Perturbative QCD works very well at ener-
gies above 1 GeV. At energies below 1 GeV αs is not much smaller than one and
one cannot use perturbative treatment. In this energy region, a nonperturbative
approach, including Lattice quantum chromodynamics (Lattice QCD), should be
used.
Most of the hadrons are hadronic resonances, and they can decay under strong
interaction. Strong decays of the resonances can be studied through the scattering
of hadrons on the lattice. Recent experiments have discovered multiple hadronic res-
onances with exotic quark structures - tetraquarks and pentaquarks. The scattering
of hadrons and hadron spectroscopy is an area of Lattice QCD that we explore in
this thesis.
Hadronic resonances can decay into pairs of hadrons with or without spin. In
order to study a scattering of two hadrons with spin one needs operators that cre-
ate/annihilate two particles with spin in the desired quantum channel. Two hadron
operators are used to extract the eigenenergies of the lattice. We construct oper-
ators for simulating the scattering of two hadrons with spin on the lattice. Three
methods are shown to give consistent operators. Explicit expressions for operators
are given for all irreducible representations. The total momentum of two hadrons is
restricted to zero, since parity is a good quantum number in this case.
We review the derivation of the relation between the scattering amplitude for two-
hadron scattering and eigenenergies from the lattice simulation originally proposed
by Lüscher. The Lüscher relation is derived for the scattering of particles without
spin from the point of view of QFT. Relation is later generalized for the system with
nonzero spin. We predict eigenenergies for the scattering of the nucleon and J/ψ
meson if experimental Pc resonance is coupled only to this channel.
We perform the Lattice QCD simulation of NJ/ψ and Nηc scattering at mπ ≈
266MeV in channels with all possible JP . This presents the rst simulation at
4, 1 − 4, 5 GeV energies where pentaquarks reside. We explore the fate of Pc
in the one-channel approximation. The energies of eigenstates are extracted for the
nucleon-charmonium system at zero total momentum for all quantum numbers, i.e.
six lattice irreducible representations. No signicant energy shifts are observed. The
number of observed lattice eigenstates agrees with the number of states expected for
noninteracting charmonium and nucleon. Our lattice data suggest that the hidden
charm pentaquark Pc is not coupled only to one channel (the J/ψN or ηcN), but
is probably a consequence of coupled channels eects or signicant interaction in
other channels (i.e. charmed meson and charmed baryon).
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In the Standard model, all matter is made from six quarks (u, d, c, s, b, t), six leptons,
and their antiparticles. Quarks and leptons are divided among the three families.
The lightest quarks u and d, the electron e and electronic neutrino νe together form
the rst family. The second family consists of charm (c) and strange (s) quarks, the
muon (µ) and muonic neutrino (νµ). The heaviest quarks, bottom (b) and top (t)
with tau (τ) and the tau neutrino (ντ ) comprise the third family.
Figure 1.1: In the standard model all matter consists of six quarks, six leptons, four
gauge bosons and the Higgs boson.
Gauge bosons mediate all interactions between these twelve fermions. The carrier
of the electromagnetic interaction is the photon (γ), which interacts with all particles
except neutrinos. The weak interaction is carried by one of three bosons (W± and
Z0). It is called weak interaction, because its coupling is the weakest. Gluons g
interact only with quarks and are mediators of strong interaction. An additional
particle (Higgs boson) gives mass to all particles through the Higgs mechanism.
Quantum chromodynamics is an area of particle physics describing the strong
inter- action and its phenomena. The strong interaction does not allow the quarks to
be bare. They are always conned in bound states. The bound states of the quarks
and gluons are called hadrons. In general, hadrons are divided into the baryons and
mesons. They dier by the combination of dierent quark avors q and antiquarks
q̄.
In the 1964 paper by Gell-Mann ([1]), states of the valence form qqq, qqqqq̄, ...
are identied as baryons and states of valence form qq̄, qq̄qq̄, .. as mesons.
Meson with valence quark structure dierent from qq̄ and baryons with a valence
quark content other than qqq are also called exotic hadrons or XY Z states. Exotic
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hadrons with qq̄qq̄ minimal quark content are tetraquarks. They have the same
quantum numbers as mesons. Hadrons with structure qqqqq̄ or qqqqqq structure
have the same quantum numbers as baryons. They are called pentaquarks ( qqqqq̄)
and dibaryons ( qqqqqq ).
Exotic hadrons were theoretically predicted but lacked experimental observation
for a long time. In recent years, a wide variety of exotic hadrons were experimentally
observed. Until 2015 almost all discovered XY Z particles had the same quantum
numbers as the meson, the only exception was a dibaryon deuteron. In 2015 LHCb
announced the observation of two hidden charm pentaquarks Pc ([2, 3, 4]) with the
minimal avor structure uudcc̄.
Perturbative QCD works very well at energies above 1 GeV. At energies below
1 GeV, αs is not much smaller than one and one cannot use perturbative expansion.
In this energy region, a nonperturbative approach, including Lattice QCD, should
be used. We will focus on the spectroscopy of the hadrons using Lattice QCD. It is
believed that the Pc is a resonance in the scattering spectrum of a hadron and meson.
Lattice QCD is an area of theoretical particle physics, in which QCD phenomena
are studied nonperturbatively through rst principles using large computers.
In the Lattice QCD discrete Euclidean spacetime is used. Quarks (ψ) at the
lattice sites (red dots on Fig. 1) are connected with gluons, which are presented by
the gauge eld Aµ (blue arrows on Fig. 1).
Figure 1.2: Model of the lattice, with insertion of quark eld ψ and gluon Aµ
Quarks and gluons on the lattice are combined in the hadron operators. Opera-
tors are constructed so that the behavior of the operator agrees with the quantum
numbers of the hadron. Single hadron operators can be combined in the two hadron
operators, and the scattering of two hadrons can be calculated with their use through
correlation function C (1.1). Single or two hadron operators are incorporated into
the Euclidean correlator, which is the primary tool in the Lattice QCD calculations




In correlator C (1.1) operator Ō1 creates the state at the time 0 (source), this
state is annihilated by operator O2 at the time t (sink). With insertion of the full
set of eigenstates (
∑
n |n⟩ ⟨n|) of the Hamiltonian, C can be spectrally decomposed.
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In (1.1) En are eigenenergies corresponding to the eigenstate |n⟩. Analysis of the
energy spectrum and properties of the hadron following from spectral analysis is the
main goal of the hadronic spectroscopy performed in Lattice QCD.
Most of hadrons are hadronic resonances, which means they decay via the strong
interaction. As such they are not eigenstates of QCD. Hadronic resonances decay
strongly. Decay of the hadronic resonance can be studied as a scattering of two
hadrons
H1 +H2 → R → H1 +H2. (1.2)
Scattering amplitude M(E) for the scattering of two hadrons is calculated with
the Lüscher equation from the energy spectrum calculated on the lattice
det [1 +M(E)G(E)] = 0.
G is a kinematical function which can be found in the literature. Phase shift δ(E) is
calculated from the scattering amplitude M(E) ∝ e2iδ(E). From the phase shift, one








Many of resonances decay in the channels where one or both hadrons carry
spin, for example, X(6900) → J/ψ + J/ψ, Z+c (3900) → J/ψ + π+, ρ → π+ + π−,
Pc → NJ/ψ, Σ++c → Λ+c + π+, ∆++ → π+ + p ... To create these states, we need
operators for scattering particles with spin. Operators can be calculated from the
properties of irreducible representations (projection method) or from the properties
of scattered hadrons (partial-wave and helicity method). The partial-wave method
gives an operator with known "continuum" quantum numbers J, l, S. Similarly, the
helicity method uses the helicity of initial and nal states and the total angular
momentum of the nal state J . Operators obtained with the helicity and partial-
wave methods are subduced to an irrep before being used in lattice simulation.
The construction of operators and their properties are described and derived in this
work. We used calculated operators for scattering of the vector meson and nucleon
in simulation of the scattering of the nucleon N and J/ψ meson which could result
in the Pc resonance observed in 2015 by the LHCb experiment.
In 2015 two hidden charm pentaquarks Pc ([2, 3]) with the minimal avor struc-
ture uudcc̄ at energies M = 4380MeV and M = 4450 MeV were observed in the
J/ψ − p invariant mass spectrum. Analysis of the bigger experimental data set in
2019 ([4]) has shown an additional Pc state at the energy M1 = 4311, 8 ± 0, 7MeV
and the upper Pc(4450) state are in fact two narrow resonances with energies
M3 = 4440, 3 ± 1, 3MeV and M4 = 4457, 3 ± 0, 6 MeV. The 2019 analysis focused
on the narrow resonances and therefore, no additional information on the Pc with
M2 = 4380 ± 8 MeV was provided. Analysis of old Tevatron data by the D0 col-
laboration ([5]) conrmed ndings presented in the ([4]). GlueX experiment ([6])
looked for Pc produced by the photo-production on the proton γp → P+c → J/ψp.
Pc was not observed in the spectrum and upper limits on the branching fractions
B (P+c → J/ψp) were set. The study of channels that could result in the hidden
charm pentaquark Pc are one of the main interests of this thesis
Strong interaction allows P+c (uudcc̄) to decay to charmonium (cc̄) and a nucleon(uud)
or the charmed meson (qc̄) and charmed baryon (qqc). There were several dierent
attempts to explain the origin and structure of the Pc phenomenologically. Phe-
nomenological explanations of the Pc origin and our Lattice QCD results are given
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in the Chapter 6. The most widely accepted interpretation of Pc at present is that
Pc is a molecular state of the D(∗) meson and Σc baryon, as newly discovered Pcs
lie very close to that threshold. However, its only currently observed decay channel
is to J/ψ and p. We performed the rst (and still the only) lattice QCD simulation
of the Pc where energies reached the area of the Pc states (4.1− 4.5 GeV).
This thesis is structured as follows: In Chapter 2 the basics of the Lattice QCD
are briey introduced. In Chapter 3 the single hadron correlation function is intro-
duced and the tools we used in calculations are described. Also presented here are
the single hadron results that we calculated (nucleon, ηc mason and J/ψ meson).
Single hadron interpolators are the main building block for the two-hadron operators
used in the simulation of the scattering. In Chapter 4 we show how these operators
are calculated in three dierent methods. Relations between these three methods
are explored. In Chapter 5 we explore the relation between eigenenergies calculated
on the lattice and scattering amplitude. At the end of the thesis (Chapter 6) we
present the nal results for one channel approximation of NJ/ψ and Nηc scatter-





The eld called quantum chromodynamics on the lattice (Lattice QCD or LQCD)
is described in Chapter 2.
The basics of quantum chromodynamics (QCD) are given in section 2.1. QCD
quantities are discretized in section 2.2. We introduce Lattice QCD and describe
the use and importance of path integrals in section 2.3. Dierent improvements are
employed for better results, which are described in section 2.4. The properties and
description of the lattice used in our work are given in section 2.5.
2.1 QCD
Quantum chromodynamics is an area of particle physics describing the strong in-
teraction and its phenomena. Bound states and other QCD phenomena consist of
quarks, antiquarks and are held together by gluons.
Quarks are massive particles described by Dirac 4-spinors ψ(x). Antiquarks are
described with ψ̄(x) where ψ̄ = γ0ψ†. Spinor
ψα,fi(x)
carries information on
 spacetime position, denoted by 4−vector x = (x0,x), y = (y0,y), ...
 Dirac index, denoted by greek letters α, β, γ, δ, ... = 1, 2, 3, 4
 color index, denoted by letter fi where is an index i = 1, 2, 3.
Quarks appear in several avors (o) = u(up), d(down), s(strange), c(charm), t(top)
and b(bottom). For example, the notation ψ(o) is often substituted by the notation
(o) or more generally by q: ψ(u)(x) = q(u) → u(x) or ψ̄(u)(x) = q̄(u) → ū(x). Some-
times it is sucient to include only two or three avors of quarks in the calculation;
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where fi,j are color indices, describes gluons. The action is an integral over a space-
time of the QCD Lagrangian















Fµν(x) = ∂µAν(x)− ∂νAµ(x)− i [Aµ(x), Aν(x)]
Trace of F is over color indices. The QCD action (2.1) can be divided into two parts
describing fermions (SF ) and gluons (SG) separately
S[ψ, ψ̄, A] = SF [ψ, ψ̄, A] + SG[A].
The action for fermions is a bilinear functional of ψ and ψ̄




d4xψ̄(o)(x)(γµ(∂µ + iAµ(x)) +m
(o))ψ(o)(x). (2.2)
Each of the N(o) avors of quarks gives an invidual contribution to action, and
therefore one has to sum over all N(o) of them.










F (i)µν (x) = ∂µA
(i)
ν (x)− ∂νA(i)µ (x)− fijkA(j)µ (x)A(k)ν (x),
the index i goes through all eight gluons, Fµν is a gluon eld strength tensor, and
fijk is totally antisymmetric SU(3) structure constant.
All quantities should be gauge-invariant. Fermionic and gluonic elds (ψ and A)
are gauge invariant to a local transformation with an SU(3) matrix Ω(x)
ψ(x) → ψ′(x) = Ω(x)ψ(x)













] = S[ψ, ψ̄, A].
The action in invariant under SU(3)color gauge transformation.
2.2 Discretization and Lattice QCD
Low energy properties calculated from QCD (form factors, matrix elements, proper-
ties at nonzero temperature and chemical potential, and hadron masses) cannot be
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solved with perturbation theory. The QCD constant αs is bigger than one at ener-
gies below 1 GeV. This problem can be solved by regularization and renormalization
with the use of Lattice QCD.
To get a discrete theory, one rst needs to make spacetime discrete. In the cho-
sen approach, continuum spacetime is transformed into a discrete four-dimensional
lattice
Λ = {n = (n1, n2, n3, n4)|n1, n2, n3 = 0, 1, 2, ..., N − 1 and n4 = 0, 1, ..., NT − 1}.
Every lattice point has three spacial coordinates n = (n1, n2, n3) and fourth n4 = nT
corresponding to time. Lattice point n multiplied by the lattice spacing a denes
physical point
x = n a.
Quarks ψ(n), n ∈ Λ lie in lattice sites n (Red points in Fig. 2.1) and carry
the same quantum numbers as in continuum. They are connected with gluons A
lying on the links between sites (blue arrows in Fig. 2.1), on the lattice gluons are
presented with gauge link variables Uµ(n) ∈ SU(3). These are 3×3 complex unitary
matrices on each link.
Figure 2.1: A model of the lattice. Quarks ψ (red dots) lie in the lattice sites and
are connected with gluons Aµ (blue arrows). Lattice spacing a (magenta line) is the
distance between two neighboring sites.
2.2.1 Discretization for SF
Before writing a discrete action, one needs to discretize the derivative in equation
2.2. There are several of ways to do that and achieve derivative in a → 0 limit.
These correspond to dierent discretizations. A straightforward way to do this is to




(ψ(n+ µ̂)− ψ(n− µ̂)). (2.5)
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Part of the fermionic action in continuum SF [ψ, ψ̄] =
∫
d4xψ̄(x)(γµ∂µ +m)ψ(x)
is rewritten with a discrete derivative (2.5) in form








ψ(n+ µ̂)− ψ(n− µ̂)
2a
+mψ(n)). (2.6)
With the transition from continuum to discrete spacetime, gauge invariance
should be conserved. The transformation of quarks ψ with Ω(n) ∈ SU(3) is gauge
invariant (2.4). The mass term in free fermionic action SF (2.6) is gauge invariant
under the transformation Ω(n) ∈ SU(3)
ψ̄′(n)ψ
′
(n) = ψ̄(n)Ω(n)†Ω(n)ψ(n) = ψ̄(n)ψ(n).
The derivative term requires the introduction of gauge links to render action
invariant. Gauge elds Aµ are in the discrete space presented with link variables
Uµ(m) = e
iaAµ(m). (2.7)
Link variables Uµ(m) (blue arrow in Fig. 2.1) live on the link connecting lattice
sites m and m + µ̂. With the introduction of a Uµ(m) term, ¯ψ(m)ψ(m) becomes







(n+ µ̂) = ψ̄(n)Ω(n)†U
′
µ(n)Ω(n+ µ̂)ψ(n+ µ̂). (2.8)





The action for fermions (Eq. 2.6) is now equal to












Since the fermion action 2.9 is bilinear in ψ and ψ̄, one can rewrite it in form


























is a naive Dirac operator for a fermion improved below.
A naive Dirac operator for free fermions is introduced in (Eqs. 2.10 and 2.11) it
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We are interested in the inverse of the Dirac operator inverse in position space
D−1(n|m). It can be easily calculated if we determine the inverse of the Dirac
propagator in momentum space (2.12) and then perform an inverse Fourier trans-
formation. Fourier transformation of the naive Dirac operator is calculated when
one multiplies the nominator and denominator of 1
D̃(p)












A quark propagator for a free fermion in position space D−1(n|m) is calculated











⟩F = a−4D−1(n|m) α,β
f1,f2
. (2.15)
Quark propagators D−1 are sums over fermion lines (paths of the link variables),
and det[D] can be interpreted as a closed fermion line (fermion loop). In the LQCD,
we know two kinds of quarks: sea quarks and valence quarks. Valence quarks are
part of the hadronic operators described in Chapter 3. They determine quantum
numbers and other hadron properties, while sea quarks are for energies large enough
to be generated as quark and antiquark pairs from the vacuum. Sea quarks generated
from the vacuum are called dynamical quarks and are needed to study resonances.
Approximation with no dynamical quarks is the quenched (valence) approximation.
The doubling problem The momentum space propagator (2.13) for massless
fermion has a pole at
p = (0, 0, 0, 0),
which corresponds to the single fermion in a continuum. On the lattice, additional




, 0, 0, 0), (0,
π
a













These unwanted poles (they are nonphysical) are called doublers and should be
removed from theory.
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solves the doubling problem. . This term does not change the mass of the physical
state at p = (0, 0, 0, 0) but gives an additional mass of 2x
a
to doublers, x is the
number of the momentum components where pµ = πa . For a → 0 (the continuum
limit) mass of doublers becomes very heavy and gets separated from the rest of the
theory.
The Dirac operator with the Wilson term in position space is calculated with an












is added to the momentum space operator. The Wilson term in 2.17 takes care that
all doublers are separated from the main theory in the continuum limit.We can use
this expression in fermion action (2.9) and get Wilson fermion action for N(o) quarks
avors























The hopping parameter κ (2.19) is a real number and is a function of fermionic
mass m and lattice spacing a. It becomes small for large mass m and is one of the
parameters used to dene our lattice (2.5).
2.2.2 Discretization for SG
Gauge action SG is built just with gauge eld variables. It is made exclusively from
closed loops of links Uµ. One can determine dierent paths and loops on the lattice
by combining multiple link variables Uµ. The shortest nontrivial closed loop on the
lattice is called a plaquette. The plaquette Uµν(n) (brown square in Fig. 2.1) is a
four-link variable product
Uµν(n) = Uµ(n)Uν(n+ µ̂)U−µ(n+ µ̂+ ν̂)U−ν(n+ ν̂). (2.20)
Wilson's form of the gauge action SG is a sum over all plaquettes, with each








Re Tr[1− Uµν(n)]. (2.21)
Only one orientation of each plaquette is obtained by condition 1 ≤ µ ≤ ν ≤ 4. The





2.3. The QCD path integral
Factor 2
g2
is included to match the form of the continuum action 2.3 in the limit
a→ 0. Link variables (2.23) in plaquette 2.20 can be expanded for small a 1. With
insertion of the expanded gauge eld link U (2.23)
Uµ(n) = 1+ iaAµ(n) +O(a
2) (2.23)
U−µ(n) = 1− iaAµ(n) +O(a2).
into the denition of the plaquette (2.20)and application of the BCH formula, one
gets a new denition of plaquette Uµν
Uµν(n) = exp (ia
2(∂µAν(n)− ∂νAµ(n) + i[Aµ(n), Aν(n)]) +O(a3)) = (2.24)
= exp (ia2Fµν(n) +O(a
3)).











Gauge action in the naive continuum limit (2.25) is proportional to the trace of
eld strength tensor F (2.3).
2.3 The QCD path integral
The Euclidian correlator (1.1) is equal to the lattice path integral for the expectation





D[ψ, ψ̄]D[U ]e−SF [ψ,ψ̄,U ]−SG[U ]O2[ψ, ψ̄, U ]O1[ψ, ψ̄, U ],
where the partition function is Z =
∫





















The path integral is implemented as integral over all eld congurations. On the
lattice, the path integral is the product of all quark eld components D[ψ, ψ̄], and
product of all link measures D[U ].




D[U ]e−SG[U ] det[D] C with (2.28)
det[D] =
∫





D[ψ, ψ̄]e−SF [ψ,ψ̄,U ]O2[ψ, ψ̄, U ]O1[ψ, ψ̄, U ]. (2.30)
1For product of four expanded link variables in plaquete Baker-Campbell-Hausdor formula
eAeB = eA+B+
1
2 [A,B]+... is used.
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C is a fermionic correlation function. It is calculated from single or two hadron
operators derivated and described in Chapters 3 and 4.
The fermionic part of the path integral (2.30) describes only fermions, and with-
out losing any generality the product of operators O2O1, can be written as a series
















sign(P )(D−1)(o)1 (o′)P1 ...(D
−1)(o)n (o′)Pn .
Later we will see that D−1(o)i is a quark propagator for quark with avor (o)i and that
only propagators D−1(o)n (o′)Pn where (o)n = (o
′)Pn are not equal to zero.
Due to the properties of the determinant2 and (2.27), the fermionic determinant
det[D] (2.29) can be written as a product of the determinant for separated avors













Each used avor of dynamical quarks contributes separately to the fermionic deter-
minant det[D].
For example: A meson dened with the operator O(n) = ¯ψ(1)(n)ψ(2)(n) has a
correlation function ⟨C⟩ (2.26) equal to
⟨C⟩ =
∫





D[ψ, ψ̄]e−SF [ψ,ψ̄,U ] ¯ψ(1)(n)ψ(2)(n) ¯ψ(2)(n′)ψ(1)(n′) (2.34)
C =(−1)2D−1(2)(n, n
′)D−1(1)(n














⎞⎠ D−1(2)(n, n′)D−1(1)(n′, n). (2.36)
The correlation function for a meson dened with operator O(n) = ¯ψ(1)(n)ψ(2)(n)
can be calculated with the use of the Wick's theorem (2.32) as a product of two
valence quark propagators, with avors (1) and (2) and fermionic determinant (2.33)
for N(o) dynamical quarks.
2det(AB) = det(A) det(B)
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2.4. Improvements of the lattice
The primary tools for calculations in the Lattice QCDQCD are the path integrals,
which are calculated as a correlation function C described above. Eigenenergies En
of the Hamiltonian dened by O1 and O2 are calculated by spectral decomposition










More information about spectral decomposition (2.37) and determination of eigenen-
ergies En is given in Chapter 3.
2.4 Improvements of the lattice
Improvements of the lattice are used to obtain faster convergence to a limit a → 0
at nite lattice spacing a. When improving lattice QCD, we need to improve the
Euclidean correlation function used to compute the energy spectrum. To obtain
improvement in general, one has to improve both lattice action S and the interpo-
lators O. Improvements in the lattice action used in our work will be described.
The following steps in improving action were taken: Fermion action for light quarks
was improved with Wilson clover improvement (section 2.4.1), charm quarks were
treated using the Fermilab approach (section 2.4.2), and links U were smeared with
nHYP smearing (section 2.4.3).
2.4.1 Wilson clover fermions
In this subsection, the improvement of the action for light fermions will be introduced
[7]. Wilson fermion action SF (2.18) has a discretization error of size O(a). The
improvement described below reduces discretization eects (order of O(a)) to order
of O(a2).
Eective fermion action can be written in the form
Seff =
∫
d4x(L(0)(x) + aL(1)(x) + a2L(2)(x) + ...). (2.38)
L(0) is the QCD Langrangian dened above (2.2), while L(k) are higher-dimensional
correction terms, built from the products of quarks and gluons. The leading cor-
rection term L(1) ) can be written as a linear combination of ve dimension ve
operators. The number of operators is reduced to three by using eld equation
(γµDµ +m)ψ = 0 and the redenition of bare parameters to only one L
(1)
1 (x) =
ψ̄σµνFµν(x)ψ(x). For O(a) improvement, adding term L
(1)
1 should be sucient. The
improved action is










The real coecient csw is often referred to as the Sheikholeslami-Wohlert coe-
cient. It is named after the authors who rst used this improved action. F̂µν has to
be a lattice form of the eld strength tensor.
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Figure 2.2: Graphical representation of clover term Qµν(n) (2.41)
Qµν(n) in equation 2.40 is the sum of plaquettes Uµ,ν(n)
Qµν(n) ≡ Uµ,ν(n) + Uν,−µ(n) + U−µ,−ν(n) + U−ν,µ(n). (2.41)
Due to its shape, similar to a clover leaf (Fig. 2.2), term 2.41 is also referred to
as the clover term. The Wilson action (2.18) improved with the clover term 2.39 is
called the Wilson-Clover action for fermions. The fermion action is said to be tree-
level improved if the clover coecient cSW = 1.0. In that case, O(a) discretization
errors are removed by performing a Symanzik improvement procedure ([7]). In this
procedure, a simple discretized expression for the interest quantity is written (2.39).
Correction terms are identied with the use of the continuum language and are
ordered according to their symmetry. These terms are then added to the original
expression, so the corrections vanish to the desired order. For example, here, it is
said that the Wilson action was nonperturbatively improved.
2.4.2 Fermilab approach for charm quarks
The Wilson Clover improvement (2.4.1)(2.4.1) is also often used for heavy quarks,
but in this case discretization errors are not negligible. We employed the Fermilab
approach ([8], [9]). Here continuum QCD is directly matched to the lattice gauge
theory via heavy quark eective theory (HQET). The lattice gauge action param-
eters (2.39) (in our case csw and quark mass for the charm quark hidden in the
hopping parameter for charm quark κc (2.19))are tuned to minimize discretization
errors. In approximation used on this lattice, κc was tuned, while csw was chosen to
be csw = 1u30 , where u0 is the averaged value of the link. On the used lattice, the hop-









has reached its physical point. The action was tuned, so the energy errors compared











The use of smeared gauge links in the fermionic action can improve action. nHYPsmear-
ing is a method of smearing the gauge links in the fermionic action. When smearing,
one typically replaces the link variables by local averages over short paths connect-
ing the endpoints of links. This procedure is gauge invariant. Local smearing3 does
not aect the long-distance correlation signal in the continuum limit.
Smearing within hypercube keeps even short-distance properties minimally dis-
torted. Smearing performed on the lattice we used is described in papers [10, 11]
and is summarized below.
HYP smearing is constructed from consecutive APE type smearing [12]. The
original thin links Uµ(n) from lattice site n in the direction µ (Fig. 2.1) are substi-
tuted by fat links Vµ(n) (A.3) restricted by the hypercube. Smearing is described
in more detail in Appendix A.1
2.5 Employed ensemble
Calculations were performed on an ensemble of 281 gauge congurations withNf = 2
dynamical avors of mass degenerated light quarks. The used ensemble was gener-
ated in work by Anna Hasenfratz and her colleagues [13, 14]. Wilson Clover action
(2.4.1) with csw = 1.0 was used for u/d quarks, while the Fermilab approach 2.4.2
was used to treat charmed quarks. Gauge links U are smeared using one level of
normalized hyper-cubic smearing (nHYP smearing) (section 2.4.3). Its properties
are listed in Table 2.1 below
N3S ×NT a[fm] L[fm] Lmπ #cong mπ[MeV]
163 × 32 0.1239(13) 1.98 2.68 281 266(3)
β κu(dyn) κu(val) κc(dyn) csw;u/d csw;c
7.1 0.12830 0.12830 0.12300 1.00000 1.75218
Table 2.1: Parameters of the lattice ensemble.
Parameter β is proportional to the 1/g2, where g is a strong coupling constant
(2.22). The Hopping parameter κ is related to the mass of the quark and lattice
spacing κ ∝ 1
a m+4
(2.19).
3The smearing operator combines the limited number of links.
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Chapter 3
Single hadron interpolators and
correlation function
We calculate the values of dierent observables on the gauge ensemble described in
the previous chapter, including hadron masses, etc. In this chapter, a single hadron
spectroscopy is described. At the end of the chapter, our single hadron results for
nucleon N , J/ψ, and ηc meson are shown. Their masses and energies for various
momenta are provided, representing necessary input for the NJ/ψ and Nηc analysis
in the forthcoming chapters. These results were presented and used as a basis for
scattering calculations in Chapter 6 and published in
 Skerbis and Prelovsek, Phys. Rev. D 99, 094505 (2019) [15].
3.1 Construction of a single hadron operator
Hadron interpolators (H, H̄) should correspond to the Hilbert space operators (Ĥ, Ĥ†),
which create and annihilate hadron states. Interpolators contain combinations of
(anti-)quark elds (ψ and ψ̄) and gamma matrices (Γ)), which determine the quan-
tum numbers predicted by QCD. Gamma matrices in the chiral representation of
Euclidean space are used in our simulations. γ matrices in dierent representations
of Euclidean and Minkovski space can be found in Appendix B.
3.1.1 Construction in position space
The avor structure of a hadron is determined by combining quarks elds (ψ and ψ̄).
Spin S(J), parity P , and charge conjugation C are determined by the combination
of gamma matrices (Γ) used in the interpolator. These could also depend on the
combination of covariant derivatives employed in the quark elds, but we do not
employ such constructions. All our single-hadron operators are quasi-local1 with
all quark elds centered at the same spatial point. The simplest combinations Γ for
hadrons are listed in Table 3.1.
The quark eld ψ carries a color quantum number, and the antiquark ψ̄ carries
anticolor. All hadrons are color singlets. Interpolators describing them should be
constructed in the same manner as colorless operators.
1The only nonlocality is due to the smearing of quarks via distillation.
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Γ for meson
JPC State Γ
0++ Scalar 1, γ4
0−+ Pseudoscalar γ5, γ4γ5
1−− Vector γi, γ4γi










Table 3.1: Combinations of γ matrices for hadron operators with dierent values
of an angular momentum and parity JP . On the left combinations used in meson
interpolators are listed and on the right those for baryons. Parity for baryons is
determined with a parity projector P± = 12(1+ γ4) and not directly with Γ.
A meson interpolator HM consists of one quark and one antiquark. Fields q are
connected by appropriate gamma matrix combination Γ. A general form of meson
interpolator in position space is
HM(n) = ψ̄f̄1(n)Γψf1(n). (3.1)
To satisfy a color singlet condition, the quark ψ carries color f1 while the antiquark
ψ̄ carries anticolor f̄1. For example, the interpolator for vector meson J/ψ is equal
to
V = HJ/ψ(n) = c̄(n)γic(n) i = x, y, z. (3.2)
The operator for the pseudoscalar meson ηc operator is
P = Hηc(n) = c̄(n)γ5c(n). (3.3)
All quark elds ψ(n) are smeared around the spatial point n via distillation, as
described in section 3.5.
The baryon has three valence quarks. The general form of operator for baryon













The sum over f1, f2, f3 combined with the totally antisymmetric tensor ϵ gives the
colorless interpolator. The interpolator for the proton (baryon with positive parity,
spin J = 1
2
, and avor structure uud) is equal to








(n) Cγ5 df3(n)). (3.6)
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The baryon (3.6) is a fermion and has one outer Dirac index noted by µ. This index
µ denotes the spin of the baryon. In Dirac representation of euclidean space µ = 1




rest-frame. In calculating a single hadron correlation function (Eq. 3.9), these outer
indices should match
The hadron is created with a creation operator H̄h at spacetime m, and it is
annihilated with Hh at spacetime point n, here h can be ether a mesonM or baryon











†γ4 = ±Γ and ψ̄ = ψ†γ4 (3.8)
are used. The hadron operator H̄ (and not H†) is used in the correlation function
because H is a Grassmann variable and as such we use H and H̄ in the denition
of the correlation function. Also interpolator H̄ corresponds to the Hilbert space
operator Ĥ†.
We are interested in the expectation value for the particle created at spacetime
m with (H̄h(m)) and annihilated at spacetime n (Hh(n)). This is equal to the
correlation function
Ch(m,n) = ⟨0|Hh(n)H̄h(m)|0⟩. (3.9)






D[U ]D[ψ, ψ̄]e−S[U,ψ,ψ̄]Hh[U, ψ, ψ̄, n]H̄h[U, ψ, ψ̄,m]. (3.10)
3.1.2 Momentum projection
The hadron energy with a given momentum p is extracted from the momentum-
projected hadron operator Hh(p). This is obtained via the Fourier transformation
of Hh(n)






−ianp, h ∈ {M,B}. (3.11)
Spatial components of the vector are n ∈ Λ = {n = (n1, n2, n3)|ni = 0, 1, ...N −




, ki = −N2 +1, ...,
N
2
allowed on a lattice with periodic boundary conditions
in space. For example: hadron operators for J/ψ meson and proton dened before
2n = (n, nt) and for further use x = na
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and Vms=0(p) = Vz(p)





Projection of the spin ms is a conserved quantum number for a hadron with |p| = 0.
For a hadron with |p| ≠ 0 projection of the spin, mS is not a good quantum number.
In the following, we will need hadrons in ms basis (VmS=±1,0, NmS=± 12 ); therefore,
denitions given above as linear combinations of operators in x, y, z basis (3.12) will
be used.
3.2 Transformation of single hadron operators un-
der rotations and inversion
In the study of scattering of two particles with spin, the single-hadron operators
Hh(p) dened in the previous subsection need to have certain transformation proper-
ties under rotations R and inversion I to build two-hadron operators Hh1(p)Hh2(−p)
with the desired transformation properties. From here on, a hadron Hh will be
marked with two indexes (Hh,ms). Projection of the spin ms carries some additional
transformational properties which are needed for further operator construction.














(Rp) , IH†h,ms(p)I = (−1)
PH†h,ms(−p) .
For a particle h at rest, ms is a good quantum number of the spin-component Sz.
The ms is generally not a good quantum number for Hh,ms(p ̸= 0); in this case, it
denotes the eigenvalue of Sz for the corresponding eld Hh,ms(0), which has good
ms. ms in Hh,ms(p) denote the eigenvalue of Sz in the particle's rest-frame. The







−1)Hh,m′s(Rp) , IHh,ms(p)I = (−1)
PHh,ms(−p) ,
(3.14)
where the following properties of the Wigner D-matrix and R are used throughout
this work
D(R) = D†(R†) , R† = R−1 , D(R1R2) = D(R1)D(R2) . (3.15)
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3.2. Transformation of single hadron operators under rotations and
inversion
We employ the conventional denition of the Wigner D-matrix used in [16], rendered
in (3.13). That convention diers from the denition in Wigner's book [17], which
is incorporated in Wolfram's Mathematica 3. The employed Dj for the rotation
R that is consistent with (3.13) is
Djm,m′ [R
ω
αβγ] = F · WignerD[{j,m,m′},−α,−β,−γ], (3.16)
F =
⎧⎨⎩ 1 : j = integer±1 : j = halfinteger; choice of sign in paragraph below, F(ω + 2π) = −F(ω) .
WignerD denotes the Mathematica function, and −π ≤ ω < 3π is the angle of
rotation R around n in a positive direction. The rotations for π ≤ ω < 3π are
present only in the double cover group.
We used pseudoscalar elds P (JP = 0−) ), vector elds V (JP = 1−), and
nucleon elds N (JP = 1
2
+). Γ combination for simplest forms can be read from
Table 3.1. Momentum projected operators (3.12) indeed transform according to


































































The annihilation operators V (3.12) are obtained by Hermitian conjugation of V †,
so the annihilation operators have complex-conjugated coecients concerning the
states above.
The operators P , N1/2,−1/2 and Vi=x,y,z like (3.12) will be the basic building blocks
of our two-hadron operators created in the following Chapter 4.
Since all two-hadron operators will entail transformations of annihilation elds
H = P, V,N , we present them explicitly
RP (p)R−1 = P (Rp),
IP (p)I = −P (−p) (3.19)
RVi(p)R
−1 = T s=1ji (R)
∗Vj(Rp) = exp(−inJω)jiVj(Rp),








3In Mathematica WignerD[{j,m,m′}, α, β, γ] = eimα+im′γWignerD[{j,m,m′}, β], while the
exponent has a dierent sign for a more conventional denition employed here.
4Coecients are in agreement with Y11 ∝ −x− iy, Y10 ∝ z, Y1−1 ∝ x− iy.
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with ms,s′ = ±1/2 and (Jk)ij = −iϵijk rendering real T s=1. The elds transform
as basis- vectors, which is contrasted by the transformation of components shown
above in 3.17. The transformations of Vi(p) in (3.12) can be used to verify the
transformations (3.14) of the elds Vms(p) dened in (3.12).
Note that canonical hadron elds H(c)h,ms(p) ≡ L(p)Hh,ms(0) also transform under
rotations as given in (3.14)5, but those would be less practical to implement. The
canonical elds are obtained from the rest elds Hh,ms(0) (which have good ms)
with the boost L(p) from 0 to p. The boost of Vms=1(0) to px ∝ ex would render
V
(c)
ms=1(px) = [−γVx(px)+ iVy(px)]/
√
2, which depends on γ = (1− v2)1/2. The boost




contains lower components and depends on the mass m.
3.3 Single hadron spectroscopy
Single hadron spectroscopy starts with quark eld q calculation at each gauge con-
guration. This step has been described in Chapter 2. The hadron interpolator Hh
carries the quantum numbers of the hadron and is used to calculate the correlation
matrix C (3.9). The properties of a single hadron are calculated and determined
from correlation function C by solving the generalized eigenvalue problem GEVP
described in section 3.6.
We studied the pseudoscalar (ηc) and vector (J/ψ) meson (P and V in 3.1), with
two dierent interpolators for each. Wick's theorem (2.32), shows that correlation
function C (3.9) 6 can be written with quark propagators
D−1(c)
α,β
(x,x′) = ⟨0| cα(x)c̄β(x′) |0⟩ . (3.20)
One can perform trace over Dirac indexes α, β, ... and the correlation function is a














Two terms in (3.21) suggest that two Wick's contractions (2.32) are possible for a
particle with c− c̄ avor structure. They are shown in Fig. 3.1. Only the connected
diagrams (rst term in 3.23) are employed in further analysis. Disconnected dia-
grams are left out of the analysis because of the wide variety of states that could
occur between the source and sink due to the generation of quark pairs q̄q out of
the vacuum. For example, ηc can decay in multiple nal states (ρρ, ϕ, ϕ, etc.),
which could all occur due to quark pair generation at sucient energy. To correctly
calculate the contribution of the disconnected diagrams, all these states should be
calculated. The charm annihilation Wick contractions (contraction 2 in Fig. 3.1)
are omitted in practically all lattice QCD studies of charmonium(like) states. One
expects that the remaining eigenenergies are very mildly aected by this omission.
The nucleon (N in 3.6) is a baryon obtained with the interpolator (3.6), where
one of the combinations of gamma matrices
(ΓA,ΓB) = (1, Cγ5), (γ5, C), (1, iγ4Cγ5)
5See for example Eq. (2.5.23) of Weinberg [18] with W (R, p) = R.
6Full derivation for CM can be found in Appendix C.1.
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Figure 3.1: Possible Wick's contractions for the cΓc̄ meson. The left hand side of
the Fig. 3.1 (connected diagram) corresponds to the rst term in equation 3.21 and
the right hand side of Fig. 3.1 (disconnected diagram) corresponds to the second
term in a correlation function (3.21). Like almost all lattice simulations, we employ
only the connected c̄c contributions, as argued after Eq. 3.21.
is used. The correlation function for the nucleon (3.12) is
CB(x,x
′) = ⟨0|HB(x, t)H̄B(x′, t) |0⟩ . (3.22)
We use (3.20), commutative properties of quark elds on (3.22) after we take



















































Two terms occur, and each corresponds to one connected Wick's contraction shown
in Fig. 3.3.
Figure 3.2: 2 possible contractions for the proton. Only connected contributions are
possible for the nucleon.
We used all three listed combinations of ΓA and ΓB, and as a result, we obtained
3× 3 correlation matrix for the nucleon7 .
7More detailed derivation of the correlation function for the nucleon is given in Appendix C.2.
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Correlation matrices for the meson and the nucleon are separately evaluated on
the lattice. Results are used to calculate the energy spectrum. The procedure used
in our work is described in section 3.6. Physically allowed states are observed in the















Correlator calculated on the lattice are written in a chiral representation of Eu-
clidean space. Denitions of used γ matrices are listed in Appendix B. Transition
from one representation to another is given in the following section 3.4. The corre-
lation function as a function of momentum will be needed in the calculation of the
scattering spectrum. It is connected to the correlation function in position space
(3.24)
Ci,j(p,p













In the calculations for scattering, we will use correlation matrices (3.25)for all com-
binations of p and p′. How these functions will be combined is described in the
following.
3.4 Relation between Chiral and Dirac representa-
tion of Euclidean space
Correlators in our simulation (3.24) are calculated in the chiral representation of
Euclidean space. Spinors are conventionally dened in Dirac representation of Eu-
clidean space: spinor up in this representation for positive parity is equal to (1, 0, 0, 0)
and spinor down for positive parity is equal to (0, 1, 0, 0). The transition from the







1 0 1 0
0 1 0 1
−1 0 1 0
0 −1 0 1
⎤⎥⎥⎥⎥⎥⎥⎥⎦
. (3.26)
The meson correlation matrix is invariant to transition from chiral to Dirac
representation of Euclidean space
CM ;CE = ⟨0|HM ;CEH̄M ;CE|0⟩ = ⟨0|HM ;DEH̄M ;DE|0⟩ = CM ;DE.
The correlation matrix for the baryon
CB;CE =⟨0|HB;CEH̄B;CE|⟩ = ⟨0|UHB;DEH̄B;DEU †|0⟩
=U⟨0|HB;DEH̄B;DE|0⟩U † = UCB;DEU †
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is not invariant to this transition, and therefore it has to be transformed to the
correct (Dirac) representation before one interprets the results. A more detailed
description of transformation from Dirac to Chiral representation and all needed
proofs are given in Appendix D. From this point forward, we will take that all
results were already transformed into appropriate representation.
3.5 Distillation method for calculating Wick con-
tractions
In the spectral decomposition of the correlation function (3.24) is seen that one
can measure the energy of states from the correlation function. Measurement of
the low-lying states is easier if constructed operators have a good overlap with the
modes we are investigating. If an asymptotic behavior of the correlator is shown
at earlier time separations, energy determination becomes more accurate. Smearing
of the quarks in interpolators is a well establish routine, which lters out the high
frequency modes and improves the coupling to the low-lying states.
Distillation was rst described in a paper by Peardon et al [20]. In distillation
smearing function J(t) is chosen. Its eigenvector representation approximates J(t).
Only the rst Nmax eigenvectors of J(t) are used to smear the quark sources q. The
eigenvectors are ordered by the size of the eigenvalues λ.
In our calculation, the smearing function is J(t) = 1. The eigenvector represen-
tation of J is







v(l)(x, t)v(l)(x′, t)† ≡ □x,x′(t). (3.27)
Eigenvectors v(l) are vectors with Nmax components. In our calculations, Nmax =
96. Eigenvectors v(l)(t) are combined in the distillation operator □. It is a projection
operator, therefore □2 = □. The quark q and antiquark q̄ elds are multiplied by





























Instead of the quark propagator D−1q (3.20) a new function called perambulator

















where γ and γ′ are Dirac indices, and (l), (l)′ are indices given by the distillation.
The remaining eigenvectors of □ are packed in a function called ϕ. ϕ is a matrix,
and its form depends on the operator upon which we perform the distillation. Here
examples for ϕ for the meson and baryon will be given. For the meson, ϕ function




v†(l)(x, t)v(m)(x, t)e−ipx. (3.30)
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ϕ matrix for the baryon (3.31) is a function of color (f1, f2, f3), Levi-civita symbol
(ϵf1,f2,f3), distillation indices ((l,m, k)) and space vectors (x).
In the conventional method, one should calculate propagators from every point
on the lattice to every point on the lattice for each color separately. This is equal
to N3L×Nc calculations at a given time t. In distillation, only the eigenvector Nmax
eigenvectors v(l) (3.27) at a given time are calculated. This is very time consuming,
but every possible contraction can be expressed by them.
In practice, Nmax eigenvectors v(l) and eigenvalues λ(l) are calculated at each time
t and each gauge conguration. Eigenvectors are then used to calculate all possible
perambulators τ (3.29) and ϕ (3.30,3.31) on each conguration. Perambulators are
calculated once and saved for later use. We also saved calculated ϕ matrices to save
some computer time. One should remember that the time propagation of functions
in distillation is exact.
With newly dened functions ϕ, perambulator τ and Γ correlation functions for
the meson and nucleon can be rewritten8. The correlation function for a meson in



















































where the trace is over Dirac and distillation indices. Similarly to the correlation
matrix for the meson (3.21), each term in sum corresponds to one Wick's contraction
(Fig. 3.1) for charmonium. We use only the second part of the correlation function
(3.32) corresponding to the connected diagram because of the wide variety of possible
states in the disconnected case, as argued after Eq. (3.21).
The correlation function in distillation for the baryon is equal to
Cα,α′ (p,p











































In (3.33), Dirac indices are marked with greek letters. Distillation indices are marked
by (l), (l′), (m), (m′), (k), and (k′). For calculation of (3.33), perambulators τ(t′, t),
for quarks and matrices ϕ for the meson and baryon are calculated in advance
and saved for all used combinations of t′, t and momentum. Correlation functions
are calculated with these precalculated values for right distillation indexes and are
8Full derivation is given in Appendices C.3 and C.4.
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multiplied and summed accordingly. After the correlation matrices are calculated on
all available congurations, eigenenergies are determined by solving the generalized
eigenvalue problem (GEVP) (3.6).
3.6 The variational method
A generalized eigenvalue problem is used to compute energies of the system deter-
mined by a set of interpolators. Solving a generalized eigenvalue problem was rst
proposed in a paper by Lüscher and Wolf [21]. A longer explanation of it can also
be found in [22, 23].
A Euclidean correlation matrix can be decomposed by inserting a full set of
states |n⟩⟨n| in the correlation function (matrix)
Cij(t) = ⟨0|Oi(t)Ōj(t)|0⟩ =
∞∑
n=1
e−Ent⟨0|Oi(t)|n⟩⟨n|Ōj(t)|0⟩ i, j = 1, ..., N (3.34)
En < En+1, H|n⟩ = En|n⟩.
The spectral decomposition of the correlation matrix is obtained as a result. Discrete
energy levels En are assumed. One considers t > t0 is large enough, and lattice spac-
ing a is small enough such that the spectral decomposition of correlation function
3.34 is a good representation of C and such that the complex energies are irrele-
vant. States |n⟩ are eigenstates of Hamiltonian H, and En are the corresponding
eigenenergies.
The generalized eigenvalue problem (GEVP) for correlation function C(t) denes
the eigenvector vn(t, t0) and corresponding eigenvalue λn(t, t0)
C(t)vn(t, t0) = λn(t, t0)C(t0)vn(t, t0) n = 1, ..., N and t > t0, (3.35)
t0 is xed and small. Linearly independent operators Oj(t) dene nonsingular cor-
relation function (3.34) C(t0). If N linearly independent operators O dene corre-
lation matrix C, then GEVP for C(t) (3.35) has N independent solutions. Each of
N eigenvalues λn has a form
λn ∝ e−tEn [1 +O(e−tδEn)], (3.36)
where En is the eigenenergy of a state |n⟩.
Energies are determined from a one-exponential t to the form (3.36) at a late
time when t > t0. Eective energies of eigenstates En are calculated from λn(t, t0)




Eigenvectors vn and eigenvalues λn can be determined with GEVP eigenenergies
En. In practice, this is performed on correlation functions calculated on each resam-
pled subgroup of congurations, the jackknife procedure is performed on calculated
values, and then average values and errors of energy are obtained.
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3.7 Jackknife method
Jackknife resampling is a commonly used statistical approach in the calculations of
av- erage values and errors. It is used in LQCD because quantities f calculated
from the correlation matrix C on one conguration do not carry any physical infor-
mation. The calculation with C on an ensemble of congurations where only one
conguration is ex- tracted carries information similar to the one calculated on the
whole set, it is used to calculate averages and deviations. Jackknife resampling is a
method used to estimate the errors of the energies and ts determined with GEVP
from the correlation function. A correlation function (matrix) calculated on each








One gets Nconfig of dierent Cmextr correlation functions. A set of i−extracted
Ciextr correlation functions is used in calculations of new quantities fiextr(C) =
f(Ciextr).

























The procedure (3.38,3.39 and3.40) is implemented on each set of simulation results
and nal values are obtained.
For example, energies of eigenstates En (3.37) are calculated from eigenvalue λ.
Eigenvalue λ is calculated with GEVP for each set of resampled correlation functions
Ciextr (3.38) and saved. This set of λiextr (3.36) is tted with one exponential func-
tion, Ae−Eiextr t to determine Eiextr . Energies En, and their errors σE are calculated
from Eiextr (3.39, 3.40).
3.8 Single hadron masses and energies
We simulated three single hadrons - mesons ηc, J/ψ, and nucleon N (3.12). Particles
were simulated on 281 congurations of the lattice described in section 2.5. Energies
of the mesons were determined using both simulated interpolators (Tab. 3.2) at
each absolute value of the momentum |p|2 = 0, 1, 2. In analysis of the correlator
for the nucleon, the second operator in Tab. 3.2 for the nucleon was left out due
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to the noise it caused in the data. We calculated the correlation function, and
determined energies with the GEVP. Masses and energies for the nucleon N , J/ψ
and ηc mesons for |p|2 ≤ 2 are shown. They are calculated using the GEVP (3.6)

















































Table 3.2: Single hadron operators used in determination of single hadron spectrum.
Each meson was simulated by 6 operators (2 operators for each absolute value of
momentum |p|). The nucleon was simulated by 9 operators (3 operators for each
absolute value of momentum |p|), the second operator was left out of the analysis
due to noise.
We calculated the energy spectrum by solving a generalized eigenvalue problem
(3.35). Eigenenergies En (3.37) were obtained with the jackknife procedure (3.7)
from one exponential t to eigenvalue λmextr (3.36) on each resampled ensemble.
Energies En(|p|) and corresponding ts are presented in Figs. 3.3,3.4 and 3.5.
Values of energies obtained from one exponential correlated t are listed for each
value of momentum |p|2 separately in Table 3.3. One exponential correlated t
was performed, and the errors were determined as described in section (3.7). Fits
were performed on multiple ranges of time. Our nal ts choose tmin at the start
of a plateau and tmax where the signal becomes too noisy to extract any useful
information. Chosen t ranges for each state are listed in Table 3.3 next to the
result. Fit ranges and ts are also indicated in the single hadron spectra shown in
Figs. 3.3,3.4 and 3.5.
Obtained results were compared with studies of the same single hadrons on the
same lattice ([24], [25],...). Our results and those from other sources agree within
the errors. Single hadron results for p = p′ listed in (3.3) will be used in the study of
scattering of two particles (6) for the determination of noninteracting energy levels.
Single hadron correlation functions C(p, p′) for p ̸= p′ will be combined as de-
scribed in the following Chapter (4) to form operators for scattering with spin. The
expectation value of single hadron correlators C(p, p′) for p ̸= p′ is equal to zero. If
one single hadron correlator C(p, p′) is combined with another C(p′, p) to form a sys-
tem with Ptot = 0, one gets correlation function C, which describes the scattering of
these two particles. Its expectation value is not equal to 0. Dierent methods of how
the correlation function for scattering is calculated from single hadron correlation
functions are described in Chapters (4) and (6).
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Figure 3.3: Energy spectrum of a nucleon obtained with GEVP from 2× 2 correla-
tion function for each value of momentum |p|2. The correlator for the nucleon was
averaged over momentum directions in order to try to minimaze errors. Lines are
one exponential correlated ts for a single data set, dashed lines represent values of
t errors. Numerical values of ts with errors and t ranges are listed in Table 3.3.
Figure 3.4: Energy spectrum of a pseudoscalar ηc meson obtained with GEVP from
2× 2 correlation function for each value of momentum |p|2. Lines are one exponen-
tial correlated ts for a single data set, dashed lines represent values of t errors.
Numerical values of ts with errors and t ranges are listed in Table 3.3.
Figure 3.5: Energy spectrum of a vector J/ψ meson obtained with GEVP from 2×2
correlation function for each value of momentum |p|2. Lines are one exponential cor-
related ts for a single data set, dashed lines represent values of t errors. Numerical
values of ts with errors and t ranges are listed in Table 3.3.
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particle p2 EH(p)a σEa t range
N 0 0.701 0.013 [6, 9]
1 0.794 0.014 [7, 10]
2 0.903 0.018 [7, 9]
ηc 0 1.472 0.001 [9, 13]
1 1.511 0.001 [10, 13]
2 1.551 0.001 [9, 12]
J/ψ 0 1.539 0.001 [10, 14]
1 1.576 0.001 [10, 14]
2 1.613 0.001 [10, 13]
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Chapter 4
Operators for scattering with zero
total momentum
The topic of this chapter is described in greater detail in our JHEP paper :
 Prelovsek, Skerbis and Lang, JHEP (2017), 1, 129 [26].
Studies of two hadron interactions with LQCD require operators that create and
annihilate states with desired quantum numbers. Previously, operators for particles
with zero spin were studied and calculated, but there is a great need of operators
for scattering of particles with spin. Operators for scattering with nonzero spin can
be calculated by three dierent methods, which will be presented in this chapter.
Certain aspects of constructing the lattice operators for scattering of particles
with spin were presented previously: partial-wave method in [27, 28], projection
method for example in [29, 30], helicity states for single hadrons in [31] and some
considerations for two hadrons in [28, 32].
The study [33] combines single particle irreducible representations (irreps) to
two-particle operators. For this one needs the values of all corresponding Clebsch-
Gordan coecients to embed the product irreps of the single particle operators in the
irreps of the two-particle frame. Despite all previous work, various practical aspects
and proofs were lacking to build a two-hadron operator related to desired continuum
quantum numbers in a given irrep. Here we devise two-hadron helicity operators,
verify their consistency with other two methods and provide related proofs.
Before our publication most of the work for S ̸= 0 was calculated for partial-wave
l = 0, while higher partial-waves were neglected. We were rst to exactly calculate
and list operators for higher partial-waves in two-hadron scattering where one or
both particles carry spin S > 0. Since then more simulations have been performed
for scattering with l > 0 ([34, 35, 36, 37, 38]) and even rst studies of coupled
channel scattering of hadrons for l > 0 ([39]).
First transformation properties for two-hadron operators will be described. All
three methods for calculation of operators for scattering with total momentum
Ptot = 0 are presented and connections between methods are employed. Opera-
tors calculated with the partial-wave method and subduced to all irreps of O(2)h
groups are listed. Charmed pentaquark Pc was discovered as a peak in the J/ψ−N
spectrum ([2, 3, 4, 5]) therefore we focused on the V N scattering. In this chapter
operators calculated with the partial-wave method for this channel are listed as well
as linear combinations connecting all three methods are written.
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4.1 Transformation properties of two hadron oper-
ators
Only two-hadron operators with total momentum Ptot = 0 are taken into consider-
ation. The states dened by these operators have good parity P and in continuum
they have good total spin J and its z−component mJ . In continuum it is expected









R ∈ O(2), IOJ,mJ (0)I = (−1)POJ,mJ (0) .
Such continuum like operators are an intermediate step, and the only relevant rota-
tions will be discrete rotations of a cubic group O(2)(h), for the cubic lattice.
On the cubic lattice a rotation group is reduced to the cubic group R ∈ O with 24
elements for integer J . Elements of the rotational group are given by the rotational
angle around axis n. These elements are cited in Table A.1 of [40]. The double
cover group O2 has 48 elements, an additional 24 elements have same n and angle
π ≤ ω < 3π where ωi+24 = ωi + 2π. When inversion is included, the number of
elements gets doubled again R = {R, IR} ∈ O(2)h and O
(2)
h nally has 96 elements.
The representations (4.1) with given J andmJ are reducible under O
(2)
h , therefore











−1)OΓ,r′ R ∈ O(2), IOΓ,rI = (−1)POΓ,r . (4.2)
The systems with integer J transform according to irreps Γ = A±1,2, E
±, T±1,2, while
systems with half-integer J according to Γ = G±1,2 , H
± as summarized in Table 4.1.
We indicated above that only two-hadron states with Ptot = 0 will be considered.
These are states with exact parity and only even or odd partial-waves contribute
to a given irrep. That is not the case for Ptot ̸= 0, therefore one has to work with
operators that mix parity, which leads to more eigenstates in the given irrep and
one has to apply more assumptions in an attempt to extract phase shift.
4.2 Three methods for calculation
We present two-hadron operators with total momentum zero that transform ac-
cording to (4.2). We will construct them by three methods, where continuum-like
operators (4.1) will appear as an intermediate step in two of the methods.
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3 A2(1)⊕ T1(3)⊕ T2(3)
Table 4.1: Continuum spins J , corresponding lattice irreps Γ and their dimension
dimΓ for group O(2).
4.2.1 Projection method
This is mathematical method, by which a projector to the desired irrep Γ and row
r is used on an arbitrary operator (see for example Section 4.19 of [41])












−1 , n = 1, .., nmax . (4.3)
The Hh are single hadron lattice operators for hadron h with desired |p| and any
p and ms which are dened in equation 3.2,3.3 or 3.6 or their linear combinations.
We have taken Ha with all possible combinations of direction p and polarizations of
both particles ms1 and ms2 (for vectors we chose Vx, Vy and Vz as Ha). For xed
|p|, Γ and r one can get one or more linearly independent operators O|p|,Γ,r,n which
are indicated by n, more about determination of the number of linearly independent
operators is given in section 4.3. As an example, two linearly independent V N




[ey]Vx [−ey] +N− 1
2





[−ex]Vy [ex] +N− 1
2
[ez] (Vx [−ez]− iVy [−ez]) +
N− 1
2





[−ex]Vz [ex] +N 1
2






[ex]Vx [−ex] +N− 1
2





[−ey]Vy [ey] +N 1
2
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Operators (4.4 and 4.5) dier in starting momentum of Ha. Operator (4.4) is ob-
tained by projection of the operator with relative momentum p = ±ex,±ey and the
second (4.5) is obtained from operators H with p = ±ez.
The R̃ ∈ O(2)h in (4.3) is the operator symbolizing rotations R possibly combined
with inversions and one uses in practice
R̃H(1)H(2)R̃−1 = R̃H(1)R̃−1 R̃H(2)R̃−1, R̃ ∈ O(2)h (4.6)
where the action of rotation R or inversion I on all H = P, V,N are given in
(3.14, 3.19). The representation matrices T Γ(R̃) for all elements R̃ are listed for
all irreps in Appendix A of [40]. The proof of correct transformation is shown for
completeness in Appendix E.
The projection method is very general, but it does not oer physics intuition what
O|p|,Γ,r,n with dierent n represent in terms of the continuum quantum numbers. This
will be remedied with the next two methods.
4.2.2 Helicity method
The states with good helicity in the continuum scattering have been thoroughly
discussed by Jacob and Wick [16]. They have been considered for one-hadron states
on the lattice by the Hadron-Spectrum collaboration [31], but they have not yet
been widely used for two-hadron scattering. .
The ms is a good quantum number for particles with p = 0 or pz ∝ ez since
Lz = 0 and Sz = Jz, while it is generally not a good quantum number for arbitrary
p ̸= 0. Here Lz, Sz and Jz denote components of the orbital, spin and total angular
momentum, respectively. The advantage of the helicity h
h ≡ S· p
|p|
(4.7)
is that it is a good quantum number for arbitrary p, where S and p are three-
vectors. To obtain a helicity state, one starts from a state with momentum pz ∝ ez
and |pz| = |p| that has goodms. This state is rotated from pz to the desired direction
of p with Rp0,





−1, pz ∝ ez, |pz| = p .
(4.8)
The upper index h indicates that the polarization index (λ) stands for the helicity
of the particle (not ms). Dierent choices of R
p
0 are possible, which lead to dierent
phases in the denition of |p, s, λ⟩h. We do not restrict to a specic choice of Rp0
since our resulting two-particle operator will be independent of this (except for the
overall phase of the operator, which is irrelevant). Simple examples of Hpz ,ms=λ can
be read-o from (3.12) and the action of Rp0 on them is given by (3.14).
The arbitrary rotation R rotates the momentum p and the spin S in the same
way, so the helicity h ∝ S· p of the state remains the same and only the direction of
the momentum changes [16, 31]
R|p, s, λ⟩h = e−iφ(R)|Rp, s, λ⟩h, RHhλ(p)R−1 = eiφ(R)Hhλ(Rp) , (4.9)
where only the phase φ(R) depends on R.
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Construction of two-hadron helicity operators
The starting point is a two-particle state composed of |p, s1, λ1⟩h and |−p, s2, λ2⟩h,
where p can be chosen as arbitrary momentum in a given shell |p|, and λ1,2 are
chosen helicities. The two-particle helicity state and the annihilation operator with
the correct transformation properties under rotation (4.1) are















with the proof for operators given in Appendix E. The p is an arbitrarily chosen
momentum with desired magnitude |p|. Note that the labels on the left-hand side
should just indicate the origin of construction; they would correspond to the contin-
uum quantum numbers if R was summed over the continuum rotation group. The
main dierence with respect to the continuum case [16] is the discrete sum over the
elements of the discrete group R ∈ O for integer J and R ∈ O2 for half-integer J .
The Euler angles of R can be obtained with Mathematica as {α, β, γ} =
EulerAngles[T ] with T = exp(−inJω) and (Jk)ij = −iϵijk (3.19). They are the
same for ω and ω+2π, and the only dierence between these two rotations is given
by the factor F . The sign of F = ±1 for half-integer j and π ≤ ω < π can be
arbitrarily chosen for rotations i = 1, .., 24 in Table A.1 of [40]: we choose it so
that D1/2 = exp(− i
2
nσω), which gives F = −1 for i = 2, 4, 12, 16, 18, 20, 21, 23, 24
and F = 1 for the remaining fteen. The sign of the next 24 elements of O2 with
π ≤ ω < 3π is xed by F (ω+2π) = −F (ω). The resulting operators do not depend
on the choice of the sign in F , except for an irrelevant multiplicative factor 1.
The paragraph above provides D-matrices 2 for R in O and double-cover O2.
The helicity of the two-particle state is λ = λ1 − λ2 for all cases we consider3.
Note that the operator (4.10) is a sum of states with xed λ1,2 since the helicity












The phase Φ(R) also depends on the choice of R0 through the denition of the
helicity state (4.8). We do not explicitly determine Φ(R), but rather directly employ
expressions (4.10) and (4.12) to get explicit results for the interpolators in section
4.4 and Appendices G, H.
The nal helicity operator with desired parity P = ±1 is obtained from (4.10)
1Consider for example NV helicity operators (4.12): each term of sum in R contains F 2 = 1,
where one F = ±1 is present in DJ and the same F is present in the rotation of N (both related
to half-integer spin).
2One has to use the same rotation in D and in the transformation of elds. The additional
rotation of 2π that is present in half of the O2 elements renders factors (−1)J from DJ(R) and
(−1)s1(−1)s2 from the transformations of the both elds in (4.10).
3In the continuum this follows from the continuum integration over Euler angle γ [16].
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where we have expressed Hh (4.8) with elds Hms(pz) (3.12) that have goodms. The
actions of inversion I and the rotation R on the elds Hms are given in (3.19). One
chooses a particular p with given |p| and performs rotation Rp0 from pz to p. There
are several possible choices of Rp0, but they lead only to dierent overall phases for
the whole operator (4.12), which is irrelevant4.
As an example, we take the simplest choice p = pz = (0, 0, 1) and R
p
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[ez] (Vx [−ez]− iVy [−ez]) +N− 1
2
[−ez] (Vx [ez]− iVy [ez]) +
N 1
2
[ex]Vz [−ex] +N 1
2
[−ex]Vz [ex] +N 1
2
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The operators (4.12) would correspond to the irreps only for the continuum rotation
group R ∈ SO(3) in which case J indicates the continuum quantum number. These
operators (4.12) represent reducible representation under the reduced discrete group
O(2). In simulations one needs to employ operators, which transform according
to irreps Γ and row r of G = O(2). Those are obtained from the continuum-like







|p|,J,mJ ,P,λ1,λ2,λ . (4.16)
4The p is the same for all terms (4.12), so the phase related to the choices of Rp0 is the same in
all terms.
5Such a choice is not available for some shells, for example |p|2 = 2. In this case one chooses
some p available in the shell and evaluates (4.12).
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The subduction coecients S are real and are given in Appendices of [42] and [43]
for all irreps.
This strategy, to start from operators with continuum spin OJ,mJ and subduce
them to irreps O[J ]Γ,r, was proposed by the Hadron Spectrum Collaboration in [42]. It
was then extensively employed for single hadrons by the same collaboration6. The
subduced operators O[J ]Γ,r were found to carry the memory of spin J , where they
were subduced from and dominantly couple to the lattice eigenstates with this spin.
The expectation that it holds for two-particle operators combining spin and angular
momentum is shown in [39]. If the behaviour is similar to the behaviour of single-
particle operators, one may expect that the subduced operators O[J,P,λ1,λ2,λ]|p|,Γ,r will
dominantly represent eigenstates with continuum quantum numbers J, λ1, λ2, λ, P .
4.2.3 Partial wave method
Often one is interested in the scattering of two hadrons in a given partial-wave L.
The orbital angular momentum L and total spin S are not separately conserved,
so several (L, S) combinations can render the same J , mJ and P , which are good
quantum numbers. Nevertheless, the L and S are valuable physics quantities to














The operator has parity P = P1P2(−1)L and its correct transformation property
under rotation (4.1) is demonstrated in Appendix E. The operator was considered
for nucleon- nucleon scattering in [27], where the proof was not presented (this
reference uses YLmL where we have Y
∗
LmL
). The C are Clebsch-Gordan coecients,
p is an arbitrary momentum with desired |p|, YLmL(R̂p) is a spherical harmonic for
direction (θ, ϕ) given by the normalized vector R̂p. Simple choices of one-particle
annihilation operators H are listed in (3.19). The sum is over R ∈ O for integer as
well as half-integer J , since rotations for angle ω and ω + 2π have the same eect
on p.
The operators (4.17) that are labeled by the continuum J are reducible under
reduced group O(2), as discussed in section 4.2.2. The operators that transform








|p|,J,mJ ,L,S , (4.18)
where S are the same subduction coecients as in (4.16). One expects that the
subduced operators O[J,L,S]|p|,Γ,r carry the memory of continuum J, L, S and dominantly
couple to eigenstates with these quantum numbers. This depends on how close one is
to the physical limit and whether there may be actual physical transition 7 between
states of dierent (L, S) in the given chanel JP . If this transition is small, one can
hope that operators (4.18) would be valuable handles for certain lower values of J
6This collaboration employed operators for two spinless particles, which were obtained by com-
bining OΓ1,r1 ×OΓ2,r2 → OΓ,r using corresponding Clebsch-Gordan coecients [32].
7For example L = 0 and L = 2 mix in continuum in the PV and NN channel with S = 1 and
JP = 1+.
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and L, which are of most practical importance. Here is an example of two NV





2 = N− 1
2
[ex] (Vx [−ex]− iVy [−ex]) +N− 1
2
[−ex] (Vx [ex]− iVy [ex])
+N− 1
2
[ey] (Vx [−ey]− iVy [−ey]) +N− 1
2
[−ey] (Vx [ey]− iVy [ey])
+N− 1
2
[ez] (Vx [−ez]− iVy [−ez]) +N− 1
2
[−ez] (Vx [ez]− iVy [ez])
+N 1
2
[ex]Vz [−ex] +N 1
2





[−ey]Vz [ey] +N 1
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2 = −N− 1
2
[ex] (2Vx [−ex] + iVy [−ex])−N− 1
2
[−ex] (2Vx [ex] + iVy [ex])
+N− 1
2
[ey] (Vx [−ey] + 2iVy [−ey]) +N− 1
2
[−ey] (Vx [ey] + 2iVy [ey])
+N− 1
2
[ez] (Vx [−ez]− iVy [−ez]) +N− 1
2
[−ez] (Vx [ez]− iVy [ez])
+N 1
2
[ex]Vz [−ex] +N 1
2
[−ex]Vz [ex] +N 1
2





[ez]Vz [−ez]− 2N 1
2
[−ez]Vz [ez] . (4.20)
Certain higher L′ > L inevitably lead to the same operators (or their linear com-
binations), and O[J,L,S]Γ could provide an eective handle on the low partial-wave L
particularly if the corresponding higher partial-waves L′ are negligible (as illustrated
in Section 4.4.1).
4.2.4 Relation between partial-wave and helicity operators
Derivation of the connection between partial-wave operators and helicity operators






















This connection was derived using [44].
4.2.5 Method which combines single-particle irreps
Let us mention also a fourth method, which is not applied here. This approach [45]
combines single particle irreps Γ1,2 (for the cubic group at p = 0 or for the little
groups at p ̸= 0) to two-particle operators in irrep Γ: Γ1 ⊗ Γ2 → Γ. One hopes that
this way one may prot from the optimized single particle operators for given Γ1,2, as
for example in the PP study [46]. One needs the values of all corresponding Clebsch-
Gordan coecients to embed the product irreps of the single particle operators in
the irreps of the two-particle frame. The method has been, for example, used inPP
scattering [46] where the Clebsch-Gordan coecients are known [32]. Reference [45]
shows which Clebsch-Gordan coecients are nonzero for the scattering of particles
with spin, but does not provide their values. This approach does not relate the
resulting operators to continuum quantum numbers like L or S. Nevertheless, it
might turn out to be particularly valuable for constructing two-hadron operators
with nonzero total momenta.
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4.3 Linearly independent operators for scattering
The number of linearly independent operators N is equal to the number of solutions
obtained by solving the GEVP (3.6) for the correlation function C. The number of
linearly independent operators can be determined in dierent ways. One is described
in papers by Fleming and Moore [33, 45] and uses Clebsh-Gordan coecients to
determine the number of linearly independent operators in each irrep.
For our purposes we calculated the number of expected operators and then com-
pared this number with the number of independent operators determined with the
Gram-Schmidt procedure performed on operators calculated with the partial-wave
method. The number of linearly independent operators for each scattering channel
and relative momentum |p| (we calculated operators with total momentum Ptot = 0)
is given in Table 4.2.
PP PV VV NP NV NN
|p|2 = 0 1 3 9 2 6 4
|p|2 = 1 6 18 54 12 36 24
|p|2 = 2 12 36 108 24 72 48
Table 4.2: Number of linearly independent operators for single channel scattering
and dierent values of momentum
The number of linearly independent operators in each irrep and for the value of
momentum is given in Appendix G for each channel separately.
With Gram-Schmidt orthogonalization we also looked for the basis of opera-
tors calculated in the partial-wave method subduced to irrep in question for each
value of momentum and each scattering channel. List of one of possible basis for
each channel are given in Appendix G. Therefore linearly independent operators
calculated by one of these three methods (projection method, helicity method and
partial-wave method) describe the same states and one can choose a method by per-
sonal convinience. In Appendix F the connection between operators calculated in
the partial-wave and helicity methods is derived, therefore we can claim without any
loss of generality that these two methods give equivalently good basis of operators
for ireducible representation of question. In [26] we showed how operators calculated
in partial-wave method can be written as a linear combination of basis operators in
the projection method. Operators for scattering of the nucleon and vector meson
will be listed and explained. We used that channel in our study of scattering for the
nucleon and J/ψ meson in our search for the charmed pentaquark Pc.
4.4 Operators for scattering of vector meson and
nucleon
First we calculated the number of linearly independent operators in each irrep by
combining single irreps as described in 4.2.5. Number of linearly independent oper-
ators was checked by comparing obtained numbers from dierent methods of calcu-
lation.
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The number of linearly independent operators was checked by comparing the
numbers obtained from dierent methods of calculation. The number of linearly
independent operators/states in each irrep for scattering of the vector meson and
nucleon are presented in Table 4.3. The total number of operators presented in the
last column of the table is calculated as a product of the number of lines in each
irrep and the number of linearly independent operators in each row.
|p|2 G+1 G−1 G+2 G−2 H+ H−
∑
0 0× 2 1× 2 0× 2 0× 2 0× 4 1× 4 6
1 2× 2 2× 2 1× 2 1× 2 3× 4 3× 4 36
2 3× 2 3× 2 3× 2 3× 2 6× 4 6× 4 72
Table 4.3: Number of linearly independent operators at each irrep and each value
of relative momentum |p| separately. The total number of linearly independent
operators is obtained so that the number of operators in each row is multiplied by
the number of rows in irrep.
Then we calculated operators for all possible combinations of quantum numbers
J, L, S and subduced them to irreps as described in section 4.2.2. On these subduced
operators we performed Gram-Schmid orthogonalization, and found linearly inde-
pendent operators forming some kind of operator basis for each irrep. We checked
that the number of linearly independent operators calculated in the partial-wave
method agrees with the number of linearly independent operators calculated with
the projection method and the number obtained by combining single-hadron irreps.
The quantum numbers of operators which form one possible basis (there is more
than one possible solution) for each irrep are given in Table 4.4.
Operators for the remaining values of quantum numbers can be expressed as a
































(|p|2 = 1), ...
Only basis operators corresponding to continuum quantum numbers in Table 4.4
are listed in the following subsection, as stated in section 3.6 only linearly indepen-
dent operators give nonzero solutions in energy spectrum.
4.4.1 Operators in partial wave method subduced to a irrep
Γ
The annihilation operators H(1)(p)H(2)(−p) for PV , PNand NN scattering in the
partial-wave method are collected here and in Appendix G. We restrict to the lowest
two momenta |p| = 0, 1 (in units of 2π/L) for the individual hadrons on the lattice
of size L with periodic boundary conditions in space.
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2 1 12 0
1
2
3 1 12 2
3
2
4 2 12 0
1
2
5 2 12 2
3
2








2 1 12 1
3
2
3 2 12 1
1
2
4 2 12 1
3
2








2 2 52 2
1
2
3 2 52 2
3
2








2 2 52 3
1
2
3 2 52 1
3
2
4 2 52 3
3
2
irrep type-number p2 J L S
H− 1 0 32 0
3
2
2 1 32 2
1
2
3 1 32 0
3
2
4 1 32 2
3
2
5 2 32 0
3
2
6 2 32 2
3
2
7 2 52 2
1
2
8 2 52 2
3
2
9 2 52 4
3
2
10 2 72 2
3
2
H+ 1 1 32 1
1
2
2 1 32 1
3
2
3 1 32 3
3
2
4 2 32 1
1
2
5 2 32 3
3
2
6 2 52 3
1
2
7 2 52 1
3
2
8 2 52 3
3
2
9 2 72 3
1
2
Table 4.4: Combinations of quantum numbers for linearly independent operator-









(|p|2 = 0) = N− 1
2










(|p|2 = 0) = N 1
2









(|p|2 = 1) = N− 1
2
[ex] (Vx [−ex]− iVy [−ex]) +N− 1
2
[−ex] (Vx [ex]− iVy [ex])
+N− 1
2
[ey] (Vx [−ey]− iVy [−ey]) +N− 1
2
[−ey] (Vx [ey]− iVy [ey])
+N− 1
2
[ez] (Vx [−ez]− iVy [−ez]) +N− 1
2
[−ez] (Vx [ez]− iVy [ez])
+N 1
2
[ex]Vz [−ex] +N 1
2





[−ey]Vz [ey] +N 1
2












(|p|2 = 1) = −N− 1
2
[ex] (2Vx [−ex] + iVy [−ex])−N− 1
2
[−ex] (2Vx [ex] + iVy [ex])
+N− 1
2
[ey] (Vx [−ey] + 2iVy [−ey]) +N− 1
2
[−ey] (Vx [ey] + 2iVy [ey])
+N− 1
2
[ez] (Vx [−ez]− iVy [−ez]) +N− 1
2
[−ez] (Vx [ez]− iVy [ez])
+N 1
2
[ex]Vz [−ex] +N 1
2
[−ex]Vz [ex] +N 1
2















(|p|2 = 1) = N 1
2
[ex] (Vx [−ex] + iVy [−ex])−N 1
2
[−ex] (Vx [ex] + iVy [ex])
+N 1
2
[ey] (−iVx [−ey] + Vy [−ey]) + iN 1
2
[−ey] (Vx [ey] + iVy [ey])
+N− 1
2
[ez] (Vx [−ez]− iVy [−ez])−N− 1
2
[−ez] (Vx [ez]− iVy [ez])
−N− 1
2
[ex]Vz [−ex] +N− 1
2
[−ex]Vz [ex] + iN− 1
2















(|p|2 = 1) = N 1
2
[ex] (−2Vx [−ex] + iVy [−ex]) +N 1
2
[−ex] (2Vx [ex]− iVy [ex])
+N 1
2
[ey] (−iVx [−ey]− 2Vy [−ey]) +N 1
2
[−ey] (iVx [ey] + 2Vy [ey])
+N− 1
2
[ez] (Vx [−ez]− iVy [−ez])−N− 1
2
[−ez] (Vx [ez]− iVy [ez])
−N− 1
2
































[ez] (Vx [−ez] + iVy [−ez]) +N− 1
2






























[ez] (−iVx [−ez] + Vy [−ez])
+ iN− 1
2
[−ez] (Vx [ez] + iVy [ez])
−N− 1
2

















(|p|2 = 1) = N 1
2
[ex] (Vx [−ex] + iVy [−ex]) +N 1
2
[−ex] (Vx [ex] + iVy [ex])
−N 1
2
[ey] (Vx [−ey] + iVy [−ey])−N 1
2





[−ex]Vz [ex] +N− 1
2










(|p|2 = 1) = N 1
2
[ex] (Vx [−ex]− iVy [−ex]) +N 1
2
[−ex] (Vx [ex]− iVy [ex])
+N 1
2
[ey] (Vx [−ey]− iVy [−ey]) +N 1
2
[−ey] (Vx [ey]− iVy [ey])
+N 1
2
[ez] (Vx [−ez]− iVy [−ez]) +N 1
2




















[ez] (Vx [−ez]− iVy [−ez])
+N 1
2


















(|p|2 = 1) = N− 1
2
[ex] (Vx [−ex]− iVy [−ex])−N− 1
2
[−ex] (Vx [ex]− iVy [ex])
+N− 1
2
[ey] (−iVx [−ey]− Vy [−ey]) +N− 1
2





[−ex]Vz [ex]− iN 1
2










(|p|2 = 1) = N− 1
2
[ex] (Vx [−ex]− iVy [−ex])−N− 1
2
[−ex] (Vx [ex]− iVy [ex])
+N− 1
2
[ey] (−iVx [−ey]− Vy [−ey]) +N− 1
2
[−ey] (iVx [ey] + Vy [ey])
+ 3N 1
2
[ez] (Vx [−ez]− iVy [−ez])− 3N 1
2
[−ez] (Vx [ez]− iVy [ez])
− 2N 1
2















(|p|2 = 1) = −N− 1
2
[ex] (3Vx [−ex] + 2iVy [−ex]) +N− 1
2
[−ex] (3Vx [ex] + 2iVy [ex])
+N− 1
2
[ey] (−2iVx [−ey] + 3Vy [−ey]) +N− 1
2
[−ey] (2iVx [ey]− 3Vy [ey])
+N 1
2
[ez] (Vx [−ez]− iVy [−ez])−N 1
2





[−ex]Vz [ex]− iN 1
2




Chapter 4. Operators for scattering with zero total momentum
4.5 Operators for PP , PV , V V , PN and NN
Operators for other channels in the partial-wave method (PP , PN , PV , V V and
NN) are listed in appendixes G. For |p| ≤ 1 in the projection method are also listed




amplitude and eigenenergies on the
lattice
This chapter addresses the relation between the scattering amplitude for two-hadron
scattering and eigenenergies obtained from a lattice simulation. It is based on the
Lüscher formalism for the scattering of particles [21, 47, 48]. Rigorous derivation for
the scattering of two particles without spin can be found in [49], [50]. The scattering
of particles with spin is considered by Briceno [51].
We derive how the scattering amplitude for two-hadron scattering is related to
eigenenergies obtained from a lattice simulation. These eigenenergies are obtained
using two-hadron operators derived in Chapter 4. The scattering amplitude M
(5.17)
S(E) = e2iδl(E) , M(E) ∝ e2iδl(E) − 1 (5.1)
is related to the scattering phase shift δl(E) in the simplest case when a single
partial wave l is present. The scattering amplitude is related to possible resonances






for a simple Breit-Wigner type resonance with massM and with Γ in a given channel.
The relation for determination of the scattering phase shift δ on the lattice will be
derived in this chapter.
The relation between the scattering amplitude and eigenenergies E, which will
be derived below, is given by
det[1+ i c M(E) G(E)] = 0, (5.3)
where constant c = 1
2
for identical particles and c = 1 otherwise. We are interested
in the scattering of nonidentical particles, therefore const. = 1 from this point
forward. The innite-volume scattering amplitude M (5.17) is a function of E. G
is a known kinematical matrix, which is also a function of energy E and the lattice
size L. The equation (5.3)is satised only for specic energies E, which correspond
to eigenenergies obtained from a lattice simulation. This renders M(E) for discrete
values of E since G(E) is a known function.
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Expressions for the kinematical matrix G and scattering amplitudeM can also be
found in the literature ([49], [50],[52], [51],... ). Kinematical functions G, scattering
amplitude M and relations between will be derived below.
5.1 Scattering of two-hadron states without spin on
the lattice
Operators O in correlation function C(E) 5.4 should have a good overlap with the
states we are investigating. In further calculations, E and Ptot are total energy and
momentum. We will focus on an example with
P tot = 0, P = (E,P tot) = (E,0)
as we are interested only in scatterings with zero total momentum and we also
derived this kind of operator in Chapter 4.
Figure 5.1: Diagram of expansion for correlation function C. Dashed boxes are
integral over the momentum of fully dressed propagator G (Eq. 5.6).
The correlator C(E) can be expressed in terms of the Bethe-Salpeter kernel K




0) < 0|O(x)O†(0)|0 >P=0−−−→ (5.4)
C(E) = B G B† +B G K G B† + ... (5.5)
K is a sum of all amputated two-particle irreducible scattering diagrams in
s−channel. The exact form of operators O is not essential for this discussion. G is













d4xeikx ⟨ϕ(x)ϕ(0)⟩ , ∆(k) = i
k2 −m2 + iϵ
(5.7)
and z is the dressing function, which is connected with the eld-strenght renormal-
ization constant Z as







ϵr(k)ϵ∗r(k) (vectors) . (5.8)
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5.1. Scattering of two-hadron states without spin on the lattice
The eld renormalization stregnth Z is a residue of the single particle pole in the
two-point funcion.
Let us rst discuss the renormalized scattering amplitude M and how it is af-
fected by the eld renormalization Z. The relation between the renormalized (Γ)








Z)4Γ4B M ∝ Γ4 (5.9)






























k2j −m2 + iϵ
) ⟨p1p2|S|k1k2⟩ .
One can employ fully dressed elds in (5.9) which are renormalized or not. If one
works with renormalized elds, then their Z = 1 in (5.6) and M in Fig. 5.2 already
corresponds to the renomalized scattering amplitude. If one employs nonrenormal-
ized elds, then the renormalized 2 → 2 scattering amplitude is
M = (
√
Z)4MB = Z2MB = ZKZ + ....
in Fig. 5.2. Indeed, K in Fig. 5.2 is multipled by Z2: one Z is present in G on the
left and one Z in the G on the right. Therefore Z−factors present in G (5.6) are
responsible for rendering the renormalized scattering amplitude M .
Figure 5.2: Any number of kernels K are packed into scattering amplitude M . The
scattering amplitude is a function of angular momentum l. If particles carry spin
than M is a function of total angular momentum J and spin S.










z(k)∆(k)∆(k′)z(k′) , k′ = P − k, P = (E,0). (5.11)
Two-hadron loop G is divided into the innite volume contribution G∞, while

















z (k)∆ (k)∆ (k′) z (k′) +
∫
dΩdΩ′z (q)F (q, q′) z (q′) = (5.12)
=G∞ (E) +GFV (E)
67
Chapter 5. Relation between scattering amplitude and eigenenergies
on the lattice
Momenta q and q′ are size of the on-shell momenta q = |q|, q′ = |q|′, where E =




q2 +m22. Kinematical properties originating from the
propagator ∆ and nite volume dependence of GFV are packed in the new function
F . F is a function of momentum q and q′1, size of the lattice L and the particle
masses. The identity 5.12 is shown in Fig. 5.3. GFV (E) containing nite volume
Figure 5.3: Division of two hadron loop G into the innite volume contribution and
nite volume eect in kinematical matrix G.
corrections can be conveniently evaluated with the use of Cauchy's residue theorem
and the Poisson summation formula as shown in Appendix I.1 and later on in this
section.
The correlator in Eq. (5.4) and Fig. 5.1 contains G, which is a sum of two terms
in equation (5.12) and is graphically presented in Fig. 5.3. We will consider
CFV (E) = C(E)− C∞(E) (5.13)
where C∞(E) contains no nite volume insertion F (Fig. 5.4).
Figure 5.4: Graphical representation of C∞(E), which is obtained by reorganization
of terms after insertions of G in Fig. 5.1 are substituted by decomposition shown in
Fig. 5.3.
Based on Figs. 5.1, 5.3 and 5.5 that CFV can be expressed as a combination of
new functions A,A′,M and G (Fig.5.6). Fig. 5.5 denes these new variables A′ and
A, which are related to the external operator and will not play an essential role in
the following.
It is convenient to expand the new variables dened in Fig. 5.5, Fig. 5.2 and F




























1Four vector k k2 = ω2k − m2 can be either written in Carthesian coordinates k = (k0,k) =
(k0, (kx, ky, kz)) k = (ωk,k) or in spherical coordinates k = (k0, (|k|, ϑ, φ)) = (k0, (|k|,Ω)).
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Figure 5.5: Decomposition presented in 5.3 is used in denition of new nite volume
variables A′ and A which are graphically presented here. Operators B or B′ and all
neighboring kernels K with innite contributions are packed together into variables
A and A′.
CFV for two partial-waves l1 and l2 can be now rewritten in terms of a geometrical
series 2
CFV (E) = −A′GA+A′Gi MGA+ ... =
= −A′G 1
1 + i MG
A. (5.15)
of kinematical factor G, scattering amplitude M and operators A and A′, which
are all dened above in equation (5.14). Graphical representation of CFV dened in
(5.15) is shown in Fig. 5.6. Each vertical line in Fig. 5.6 represents one insertion
Figure 5.6: Diagramatical representation of nite volume contributions to corelation
function CFV with new variables G,M, A and A′.
of kinematical factor F which is connected with kinematical function G as written
in equation (5.14). The same result would be obtained if variables A,A′,M and F





(Ω′) = δ (Ω− Ω′)
would occur between each pair of variables.
Poles of CFV (E) (5.15), originating from the insertions of the function F(G)
(Fig. 5.6), are equal to those of C(E), because of the innite volume contribution
C∞.
The poles in the nite volume corrections of correlation function CFV (E) (5.15)
cor- respond to eigenenergies on the nite lattice. In order to nd the poles of CFV
(5.15) one has to solve the following equation
det [1 + iM(E)G(E)] = 0, (5.16)
2(1± x)−m = 1∓mx+ m(m+1)2! x
2 ∓ m(m+1)(m+2)3! x
3 + ...
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which represents one form of Lüscher's equation. The solutions of Lüscher's equation
occur for certain discrete energies E, which correspond to eigenenergies on the nite
lattice. They depend on the scattering amplitude M for partial-wave l
Ml1,m1;l2,m2(E) = Ml1(E) δl1l2δm1m2 , Ml1(E) =
8πE
|q|
e2iδl1 (q) − 1
2i
, (5.17)
Here q ≡ |q| is the magnitude of the on-shell spatial hadron momentum in center of
momentum frame corresponding to the energy E




q2 +m22 , q ≡ |q| . (5.18)
The quantization condition (5.16) also depends on the kinematical factor G. G is
obtained from GFV (5.12). The later is equal to GFV1 (q
2), as shown in the Appendix
I.2,

















f(k) = z(k) z(k) (5.20)
is the product of dressing functions for both hadrons, q is an (dimensionful) on-shell
momentum (5.18) and clm is dened below (5.21). The above relation reduces GFV
to GFV1 , where the later is more practical for actual numerical evaluation. The sum
over four-momentum k in GFV (5.12) is reduced to a function GFV1 (q
2) at an on-shell
value of the momentum q that is related to the energy E as given in (5.18). The clm


























Given the expression for the nite volume corrections to the loop function GFV
(5.19), it is straightforward to determine G, which is related to GFV via (5.12,5.14).




















In practice, Appendix I.2 shows that when G (5.22)is inserted to the expression for
GFV (5.12,5.14) then one indeed gets (5.19).
In conclusion, the nal relation between eigenenergies and the scattering matrix
is (5.16), where the scattering matrix M is dened in (5.17) and G is a know kine-
matical function given in (5.22). Examples of the Lüscher equation will be shown
in section 5.2 for scattering without spin and in section 5.3 for scattering with spin.
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5.2 Simplied Lüscher equation for spinless scatter-
ing
The poles of CFV given in 5.15 are determined by det(1 + iMG) = 0 ((5.16).
These poles correspond to the energy spectrum in the observed channel. G
inherits its poles from function clm dened in equation 5.21. For simplicity of the
following derivation one can dene a new matrix X
X = 1 + iMG. (5.23)
which equals




Gl1,m1;l2,m2(e2iδl1 (|q|) − 1),
where δl1(|q|) is the phase shift for partial-wave l1 and δl1,l2 , δm1,m2 is the Kronecker
delta function for l1,2 and m1,2 respectively.
Let us consider scattering where one has contributions of two partial-waves l1






Gl1,m1;l1,m2(e2iδl1 (|q|) − 1))(δm1,m2 +
8πE
|q|








2iδl1 (q) − 1)(e2iδl2 (q) − 1) =0.
If both partial-waves are nonnegligible and Gl1,m1;l2,m2 ̸= 0, one has to employ the
above Lüscher's equation 5.25. It represents one equation for two unknowns δl1(E)
and δl2(E) at given energy E.
In the analysis of our results, we will employ a simplifying approximation, where
only one partial-wave l1 is dominant in a given channel, while others are negligible.
In this case δl2(E) = 0 and e




Gl1,m1;l1,m1(e2iδl1 (|q|) − 1) = 0. (5.26)
Scattering in partial-wave with l1 therefore gives equation 5.26, and leads to






1 + i cot δl1(|q|)
1 + cot2 δl1(|q|)
=






















with c00(|q|2) and Z00 dened in 5.21.
3For example partial-waves with l1 = 1 and l2 = 3, where G1,m1;3,m2 is indeed not zero.
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5.3 Generalization for scattering with spin
Finally, the generalization of equations derived above for the scattering of particles
with spin should be performed. The original derivation for scattering of particles
with arbitrary spin can be found in [51]. This paper is a generalization of previous
work on nding a nite volume spectrum by several authors ([49, 54, 55, 56, 57],...
). For the scattering of two particles with total spin S more than one partial-wave l
can contribute at given total angular momentum J (J = l⊕ S)even in continuum.
For example in the scattering of vector meson J/ψ with spin S1 = 1 and proton
with spin S2 = 12 in channel with total spin S =
3
2
and total angular momentum
JP = 3
2
−, dynamical mixing of partial-waves with l = 0 and l = 2 occurs. The
scattering matrix S for this example is equal to
S = M+1 =































on the source and the sink.
As an example, we will predict the eigenenergies of NJ/ψ based on the experi-
mental masses of Pc pentaquark resonances in one-channel approximation. We will
take addi- tional approximation where only one partial-wave is dominant in each
channel where a pentaquark Pc was observed. So only one phase shift δl,S would be
nonzero and contribute to the Lüscher equation.
The relation between eigenenergies and the scattering matrix, i.e. the quantiza-
tion condition, (5.3)
det [1 + iM(E)G(E)] = 0








Scattering amplitude M is a function of orbital angular momentum l, total spin S,
and angular momentum J . The matrix M is diagonal in angular momentum J , for
dierent combinations of l and S is in general not diagonal(5.29).
As an example we will predict the eigenenergies of NJ/ψ based on the exper-
imental masses of the Pc pentaquark in one channel approximation. We will take
additional approximation where only one partial-wave l is dominant in each channel
(only one diagonal element of S (5.29) is nonzero) and only one phase shift δl1,S1























Kinematical matrix G is similar to M a function of total angular momentum J ,
orbital angular momentum l and spin S. It is diagonal in spin S, but it is not diag-
onal in J . So, the scattering amplitude M and kinematical function G in quantized
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condition (5.30) depend on total spin S and total angular momentum J in addition
to the orbital angular momentum l, which is the only independent variable in cal-
culation of Lüscher's equation for the scattering of partices without spin (Eq. 5.17,
5.22 and 5.28).
5.3.1 Transformation from variables for scattering without
spin to scattering with spin
Functions used in the quantization condition in the previous chapter Ml1,ml1 ;l2,ml2
and Gl1,ml1 ;l2,ml2 are dependent on l1,2 and its third component ml1,2 . No explicit
dependence on spin S was explicitly written for S = 0. Their dependence on spin
origin from factor z (5.7) contained in the particle propagator. The scattering am-
plitude M (5.29) is diagonal for S = 0 (in that case l = J and the scattering matrix
is always diagonal in J). The kinematical function G is a function of orbital angu-
lar momentum l1,m1; l2,m2 for S = 0 and we expand it in terms of total angular
momentum J and spin S for S ̸= 0.
There is a simple transformation for variables in the scattering of particles with-













⟨l2ml2 ;S2mS2|F (|q|) |l1ml1 ;S1mS1⟩ ,
(5.32)
⟨l2ml2 ;S2mS2 |F (|q|) |l1ml1 ;S1mS1⟩ =Fl1ml1 ;S1mS1
l2ml2 ;S2mS2
.
Mathematical derivation of 5.32 for some arbitrary function F which is a function of
orbital angular momentum l and on shell momentum q to a function of total angular
momentum J , orbital angular momentum l and spin S can be found in Appendix
I.3. Similar transition expression can be found for scattering of the nucleon in pion
in [40, 52, 54],...
We use the previous relation (Eq. 5.32) (or more explicitly Eq. I.30 and I.29
)and after a short calculation one gets kinematical function G as a function of the




















































The kinematical function G is diagonal only in spin S1. In Lüscher's equation
(5.3,5.30) the kinematical function G and scattering amplitude M (5.29) are used.
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Lüscher equation in case when one channel (l, S) dominates
The previous subsection treated the scattering of particles with spin in complete
generality.
Here we consider an approximation where only one partial-wave l and one spin
S contributes to the scattering amplitude M and therefore all o-diagonal elements
in the scattering matrix (5.29) are equal to 0
MJ,mJ ;l1,S1
J,mJ ;l2,S2










where l1 = l2, S1 = S2 and J1 = J2. Phase shift δ(l,S) then depends on the orbital
angular momentum l and on the spin S. Dependence on spin was not explicitly
written because for S = 0 the scattering matrix is diagonal in orbital angular mo-
mentum l. For S = 0 angular momentum J is equal to orbital angular momentum
l. Generalization for scattering with spin (S ̸= 0) is made in (5.29).
We insert this simplied scattering matrixM (5.34) into the general quantization
condition (5.30). For derivation of the Lüscher equation one also needs kinematical
function G (I.29), which in general remains o-diagonal in J . For simplicity, the
new variable X is introduced in the quantization condition (5.30) 4
X (|q|) = 1+iM(|q|)G(|q|), XJ1,mJ1 ,l1,S1
J2,mJ2 ,l2,S2




With use of the previously derived quantities M and G (Eq. 5.34 and 5.33) one gets
a general matrix element for the new already simplied function X
XJ1,mJ1 ,l1,S1
J2,mJ2 ,l2,S2
(|q|) = δJ1J2δmJ1mJ2δl1l2δS1S2 + iδS1S2Ml1,S1(|q|)GJ1,mJ1 ,l1,S1
J2,mJ2 ,l2,S2
(|q|). (5.36)
When only partial-wave (l1, S1) dominates and others are negligible, then Ml1,S1 is










The simplied quantization condition (5.37) gives the Lüscher equation for scattering












The expression for phase shift (5.38) for scattering with spin is of the same form
as the one for scattering with S = 0 (5.28).
5.4 Predictions of eigenenergies in the charmed pen-
taquark P+c channel
In 2015, two peaks in proton-J/ψ invariant mass with minimal avor structure of
uudcc̄ were observed by LHCb ([2, 3]). In 2019 the same collaboration anounced
4A similar proceedure was performed for the spinless case in section 5.2
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([4]) that the upper pentaquark state,known previously as Pc(4450), are in fact two
narrow states with mases m(Pc(4440)+) = 4440.3 ± 1.3 MeV and m(Pc(4457)+) =
4457.3 ± 0.6 MeV. In addition the new pentaquark state Pc(4312)+ with mass
m(Pc(4312)
+) = 4311, 9± 0.7 MeV was discovered. The search [4] claims that they
can neither dismiss nor conrm the existence of state Pc(4380)+, because this search
did not focus on wider resonances. The upper two states were also observed by the
D0 experiment, which was analyzing the old Tevatron data [5], that were collected
until 2011.
In the following section we will calculate the energy spectrum one expects on the
lattice in the scenario when each observed P+c state couples to only one partial-wave
of J/ψ − N scattering in each channel. Four experimental pentaquark states were
used in this calculation. Experimentally measured masses, widths and JP quantum
numbers of P+c states used in predictions are given in Table 5.1.
State M [MeV] Γ [MeV] likely JP
Pc(4312)














+ 4457.3± 0.6 6.4± 2.0 3
2
−
Table 5.1: Summary of P+c properties from [4]. J
P has not been experimentally
deter- mined yet. Therefore we provide the most likely JP based on molecular
model expectations ([58, 59, 60, 61, 62, 63, 64, 65, 66, 67, 68, 69, 70, 71, 72, 73]) for
three narrow states. For the wide state we list four possibilities favored by LHCb
([2, 3])
The relation between the eigenenergies En and the phase shift δ for the scattering
of particles with arbitrary spin was derived above (5.3.1). This reduces to the well-
known Lüscher relation (5.38) for a resonance that appears only in one channel.
The analytic predictions for the energies (magenta circles) are obtained by solving
Eq. (5.38) for E, employing the continuum dispersion relation E(|q|) = (q2 +
m2N)
1
2 + (q2 + m2J/ψ)
1
2 and employing mN,J/ψ determined from the lattice (section












where mass M and width Γ of resonance were taken from experiment (Table 5.1).
Other levels (related to S ̸= S1 and l ̸= l1) in a given irrep remain intact and have
noninteracting energies. The predictions in Figures 5.7 to 5.10 show all possible
irreps and choices of partial-waves l ≤ 2 where the Pc resonance with given JP
could reside.
On the Figures 5.7 to 5.10 dashed lines are noninteracting energies for scattering
of the N and J/ψ meson, black for scattering with the relative momentum |q| = 0,
red for scattering with relative momentum with |q|2 = 1 and blue for scattering with
relative momentum |q|2 = 2. Pentaquark states are marked by the dash-dotted green
line, with the green area around equal to the width of the P+c resonance. Data for
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noninteracting energies are calculated from the single-hadron lattice results listed
in Table 3.3, masses and widths of P+c are taken from experimental data, which are
also listed in Table 5.1.
Circles represent expected discrete eigenenergies on the lattice. Magenta circles
correspond to eigenenergies obtained by solving Lüscher's equation for a given P+c
state assuming it has total angular momentum JP and is coupled only to partial-
wave l1 and spin S1. Brown circles are the eigenenergies one expects in the same
irrep ΓP for partial-wave l ̸= l1 or total spin S ̸= S1. The expected number of states
at some noninteracting energy level is equal to the number of linearly independent
operators at each value of momenta |p|2 at a given combination of quantum numbers.
Irrep is written above the set of data. The expected number of states i.e. number
of linearly independent operators at a given combination of quantum numbers for
scattering of the nucleon and J/ψ meson is listed in Table 4.3. The values of total
angular momentum J which contribute to each irrep are written below the irrep
name.
For example we will take a closer look at the case when the resonance P+c (4312)
with JP = 1
2
− would be coupled only to a J/ψ − N channel (Fig. 5.7). Scattering
in partial-wave l1 = 0 subduced to the irrep G−1 would result in one state close to
noninteracting energy N [0]J/ψ[0], one at the mass of P+c (4312), two states at the
noninteracting energy N [1]J/ψ[−1], and three states at the noninteracting energy
N [2]J/ψ[−2]. The magenta circles originate from theoretical prediction for scatter-
ing of N [|q|]J/ψ[−|q|] with total spin S1 = 12 in partial-wave l1 = 0, while brown
circles are states calculated for scattering with S ̸= S1 and l ̸= l1.
In the noninteracting limit for scattering of the N [q]J/ψ[−q] with |q|2 ≤ 2 in
the irrep G−1 we expect six states at noninteracting energy levels. The quantum
numbers of these states are listed in the Table 5.2 5 in the previous chapter.

























Table 5.2: Combination of quantum numbers forming a indpendent states in the
irrep G−1 in the noninteracting limit for scattering of N [q]J/ψ[−q].
Brown (states) circles in Fig.5.7 are produced with the combinations of the quan-
tum numbers when S ̸= S1 and l ̸= l1. These are states with type-number 3, 5 and 6
in the Table 5.2.
The scenario with a Pc resonance in Figs. 5.7,5.8,5.9,5.10 features an additional
eigenstate (with respect to the noninteracting case) in the energy range roughly
5For all irreps and dierent scattering channels combinations can be found in the tables in
Appendix G
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Figure 5.7: Analytical expectation for lattice eigenenergies in irrep G−1 based on
experimental P+c (4312), assuming this state has J
P = 1
2
− and couples solely to J/ψN
with l1 = 0 and S1 = 12 .Dashed lines are noninteracting energies for scattering of the
N and J/ψ meson. The experimental pentaquark state is marked by the dash-dotted
green line, the height of the green area around it is equal to the width of the P+c
resonance. Circles represent expected discrete eigenenergies on the lattice. Magenta
circles correspond to eigenenergies obtained by solving the Lüscher equation for a
given P+c state assuming it has total angular momentum J
P and is coupled only to
partial-wave l1 and spin S1. Brown circles are the eigenenergies one expects in the
same irrep ΓP for partial-wave l ̸= l1 or total spin S ̸= S1. Irrep ΓP is written below
each set of data. The values of J which contribute to each irrep are written below
the irrep name.
Figure 5.8: Analytical expectation for lattice eigenenergies in irreps H− and G−2




solely to J/ψN with l1 = 2 and S1 = 32 . Dashed lines are noninteracting energies for
scattering of the N and J/ψ meson. The experimental pentaquark state is marked
by the dash-dotted green line, the height of the green area around it is equal to the
width of the P+c resonance. The meanings of dierent colors for lines and dots on
the plot are explained in the caption of Fig. 5.7.
M(Pc)± ΓPc (this area is colored green on the plots), while some of the other levels
near the resonance region get shifted. So, this scenario predicts one more eigenstate
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Figure 5.9: Analytical expectation for lattice eigenenergies in irrep G−1 based on
experimental P+c (4440), assuming this state has J
P = 1
2
− and couples solely to J/ψN
with l1 = 0 and S1 = 12 . Dashed lines are noninteracting energies for scattering of
the N and J/ψ meson. The experimental pentaquark state is marked by the dash-
dotted green line, the height of the green area around it is equal to the width of the
P+c resonance. The meanings of dierent colors for lines and dots on the plot are
explained in the caption of Fig. 5.7.
Figure 5.10: Analytical expectation for lattice eigenenergies in irrep H− based on
experimental P+c (4457), assuming this state has J
P = 3
2
− and couples solely to J/ψN
with l1 = 0 and S1 = 32 . Dashed lines are noninteracting energies for scattering of
the N and J/ψ meson. The experimental pentaquark state is marked by the dash-
dotted green line, the height of the green area around it is equal to the width of the
P+c resonance. The meanings of dierent colors for lines and dots on the plot are
explained in the caption of Fig. 5.7.
(with respect to Table 4.3 6)in the explored energy region within the corresponding
irrep.
We will see in Chapter 6 that we do not observe such an additional eigenstate,
so such a scenario featuring Pc coupled only to the NJ/ψ channel is not supported
by our lattice data.
6From properties of GEVP (Sec. 3.6) follows, that number of linearly independent operators in
each irrep is equal to number of expected states at each non-interacting energy.
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Chapter 6
Lattice results for N − J/ψ and
N − ηc scattering in all channels,
including Pc channels
The results presented in this chapter were rst presented in Nucleon-J/ψ and
nucleon-ηc scattering in Pc pentaquark channels from LQCD
 Skerbis and Prelovsek, Phys. Rev. D 99, 094505 (2019) [15].
This is the rst Lattice QCD study of these channels where energies reached the
area where Pc resonances would appear. The version of results presented in the
following text is modied in the way that it agrees with newer experimental results
regarding the charmed petaquark ([4, 5, 6, 74]).
6.1 Current phenomenological understanding of Pc
Pentaquarks were predicted in coupled channel dynamics in [75, 76], where the
signicant component D̄(∗)Σc also couples to NJ/ψ via the vector meson exchange.
They were studied as hadronic molecules of a charmed meson and a charmed
baryon, for example, in [77, 78, 79, 80, 81, 82], or charmonium and nucleon, for
instance, in [83]. All listed studies report nding an indication for Pc. A review of
hadronic molecules, including Pc can be seen in [65, 84, 85, 86, 87]. These studies
are often based on phenomenological meson-exchange models [88, 89, 90, 91].
Pc structure is a hadronic molecule of anticharmed meson D̄(∗) and charmed
meson Σc ([58, 60, 61, 62, 63, 64] etc.) which is based on recent experimental data
([4, 74]). Assuming that Pc is the D̄(∗)Σc bound state is based on the Pc masses
close to the D̄(∗)Σc threshold (Fig. 6.1).





can be reached by scattering D̄(∗)Σc ([uc̄][udc]) in s−wave. The same quantum
numbers can be reached by s−wave scattering of J/ψ−N ([cc̄][uud]). Based on 2019
data and model prediction one could assume that Pc pentaquarks are resonances,
which would be observed in coupled channel scattering of the D̄(∗)Σc and J/ψ−N .
Other phenomenological studies considered the compact diquark-diquark-antiquark
internal structure and nd Pc, for example [93, 94, 95, 96, 97]. Other attempts to
explain Pc as a coupled channel eect consider rescattering with a charmed me-
son and a charmed baryon [98, 99]. Enhancements corresponding to Pc were also
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Figure 6.1: Noninteracting levels for D̄(∗)0 Σc scattering in comparison with hidden
charm pentaquark masses. Dashed lines are noninteracting energy levels of ΣcD̄ in
the lattice units. Mases are precalculated from the experimentally measured values
([92]) in the lattice units. Energies for momentum p ̸= 0 are calculated with the







n2 for each hadron separately and than
summed together. Dash dotted lines are calculated from experimentally determined
masses of the pentaquarks Pc. Plot legends is in the form of Σ+c [p]D̄
(∗)
0 [−p].
found as a consequence of the triangle singularity transitions in the kinematics of
Λb → K−pJ/ψ [97, 100]. Further phenomenological studies can be found in the
reviews [97, 101, 102, 103, 104] and more recent reviews [85, 86, 87].
6.2 Possible decay channels of Pc and simplied ques-
tion we address
The hidden charmed pentaquark Pc was observed only in the p− J/ψ channel. For
given JP there are many more possibilities for its decay. Under strong interaction
Pc ≃ uudcc̄ can decay to a combination of charmonium (c̄c) and baryon (qqq), as
well as to dierent combinations of the charmed meson (qc̄) and a charmed baryon
(qqc). Some decay channels for Pc are summarized in Table J.1. Study of all possible
channels combined and coupled would be too expensive and too dicult to perform
on the lattice, therefore we addressed much simpler question.
The main question we asked was: Can Pc be observed in the spectrum for scat-
tering of N − J/ψ in elastic approximation? Our motivation for this work was that
resonance was observed only in the invariant mass spectrum of N−J/ψ. We studied
two dierent channels which could result in the P+c resonance. P
+
c resonances were
seen as peaks in the J/ψ − N mass spectrum, but these are not the only chan-
nels which could result in the Pc. Previous lattice simulations focused on the same
cc̄−N channel but they have never reached energies (4.1− 4.5 GeV) where Pc was
experimentally found.
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6.3 Previous lattice results for NJ/ψ and Nηc scat-
tering in region below Pc
Our work was the rst study of Pc channels on the rst principle lattice QCD .
The previous lattice simulations of systems with avor c̄cuud never reached the
4.1 − 4.5 GeV energy range where pentaquarks reside. Before our work the most
commonly considered interactions were of a nucleon and charmonium near thresh-
old. Slightly attractive interaction was found in the preliminary study of NJ/ψ and
Nηc scattering for mπ = 293−598 MeV, where no bound state or resonances appear
[105]. A similar conclusion was made previously in the quenched simulation [106]
at mπ ≃ 197 MeV. Interestingly, the dynamical NPLQCD study of Nηc scatter-
ing in s-wave [107] rendered a bound state about 20 MeV below threshold for very
heavy mπ ≃ 800 MeV. The simulation [108] presents preliminary results for NJ/ψ
and Nηc potentials and phase shifts in s-wave using the HALQCD method in one-
channel approximation. These were extracted up to 0.2 GeV above the threshold
at a very heavy mu/d. Attractive interaction was found in all channels explored,
but not attractive enough to form bound states or resonances. A similar approach
and conclusions were obtained in an earlier study [109, 110]. The hadroquarkonium
picture was considered in [111], where the static c̄c potential V (r) was extracted for
mc → ∞ as function of distance r in the presence of the nucleon. The potential is
found shifted down by only a few MeV due to the presence of the nucleon. More re-
cent reviews on the hadronic spectroscopy of exotic hadrons in LQCD can be found
in [112, 113, 114]. An eective eld theory for the s-wave quarkonium-nucleon sys-
tem near threshold is developed in [115], where low energy constants are determined
from lattice data [105, 106, 109, 110]. This approach also does not feature bound
states or near-threshold resonances. A recent overview of all work done in the area
of exotic XY Z states is given in [116].
6.4 Calculation of two-hadron correlators
We focused on channels Nηc and NJ/ψ in elastic (i.e. one-channel) approximation
as argued in section 6.2. Energies of noninteracting energy levels were determined
for single hadrons with dierent momentum p on the lattice and summed in the
noninteracting energy of two hadrons for scattering for scattering. All simulations
were performed for total momentum P = pH1 + pH2 = 0 where pH1 = −pH2 = p
(Fig. 6.2). For scattering with P = 0 parity is a good quantum number.
We simulated the system with enough energy to form any of the Pc state. Nonin-
teracting energy was calculated as a sum of single hadron energies (EJ/ψ,ηc(|p|), EN(|p|))
E = EJ/ψ,ηc(|p|)+EN(|p|). Single hadron energies were measured on the lattice. For








)2 for the lattice of the size L = 1.98 fm. Comparation of the
noninteracting energy levels and mass of the Pc are shown on the Fig. 6.3.
In simulations we omit the Wick contractions with the disconnected charm con-
tributions in the study of pentaquark as well as charmonium systems (3.8). These
contractions induce charmonium decays to the light hadrons and have been omit-
ted in most of the previous lattice studies related to charmonium-like systems as
already described after equation 3.21 in section 3.8. We simulated Wick's contrac-
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Figure 6.2: We simulated scattering with total momentum P = pH1 + pH2 = 0
where pH1 = −pH2 = p.
Figure 6.3: Comparation of the noninteracting energy levels for the scattering of
the cc̄ meson and nucleon with masses of the P+c resonances. To obtain energies of
all Pc states it is sucient to make a simulation with |p|2 ≤ 2.
tions shown on the Fig. 6.4. Both contractions for proton (Fig. 3.3) were combined
with only connected contraction for meson (Fig. 3.1).
Figure 6.4: Wick contractions considered in our simulation for one-channel approx-
imation.
In the taken approximation there is no contraction connecting the charmonium
and nucleon interpolator, as shown in Fig. 6.4. Therefore single hadron correla-
tion functions (Chapter 3) can be simulated separately for each hadron and later
combined as the two-hadron correlation function. All two-hadron correlators in our
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study can be expressed in terms of
⟨0|Nm′s(p
′)N̄ms(p)|0⟩c, (6.1)
⟨0|Vi′(p′)V †i (p)|0⟩c, ⟨0|P (p′)P †(p)|0⟩c, V = J/ψ, P = ηc
which are pre-computed for all combinations of momenta p′, p = 0, 1, 2, polarization
i, i′ = x, y, z and spin ms,m′s = 1/2,−1/2, as well as for all congurations c. Single
hadron correlation functions with p′ = p,ms = m′s and i = i
′ were used in the
determination of the single hadron spectrum (Chapter 3). We used the single hadron
spectrum for determination of energies in the noninteracting limit for scattering (Fig.
6.3).
Let us present an example for constructing an element of a correlation matrix
for a simple operator. The two-hadron correlator for scattering in s−wave (l = 0)
with J = 1
2
and spin S = 1
2
















(|p|2 = 0) = N̄ 1
2







at the source. There is no contraction connecting J/ψ and N interpolators (Fig.
6.4), the two-hadron correlator can be expressed as
















































The single hadron correlation function in Eq. 6.3 for hadron H on the conguration
c is equal to
CHpol,pol′ (p, p
′) = ⟨0|Hpol(p)H̄pol′(p′)|0⟩c.
Hadron H has polarization/spin pol′ and momentum p′ at the source and polariza-
tion/spin pol and momentum p at the sink. The two-hadron correlation function is
a sum of products of pre-calculated single hadron correlators CHpol,pol′ (p, p
′).
The products of nucleon and vector correlators are calculated on individual con-
gurations c as prescribed by the operators calculated previously for each row of
each irrep and every operator forming the operator basis of correlation function. All
elements for the correlation matrix are calculated similarly. Operators forming the
basis of |p| ≤ 1 are given in Chapter 4 and Appendix (G). All N × N correlation
functions were constructed in a similar manner, and the number of interpolators n
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is given in the Table 4.3. We calculated the correlation matrices for all rows of irreps
and then averaged them over the rows to gain better statistical accuracy.
Single nucleon correlators are calculated in the chiral representation of Euclidean
space but it is more convenient to transform them in the Dirac representation of the
Euclidean space used in operators describing scattering (6.3). Transformation to the
Dirac representation (section 3.4), is made prior to the calculation of the correlator.
It is important to distinguish between denitions for operator-type and op-
erator. Up to this point their interchanging had no eect on the nal result. But
for the deter- mination of energy spectrum it is important to distinguish between
these two concepts. Operator-type is dened by combination of quantum numbers
and is an element of the linearly independent basis for each irrep of O(2)h group.
Operator- types are dened in Chapter 4. IIn determination of linearly independent
basis we use operator-types calculated in Partial-wave method (4.17) and subduced
to a chosen irrep (4.2.2). Quantum numbers dening all operator-types used in basis
are given in Table 4.4 for scattering of J/ψ − N scattering and in Table (G.8) for
ηc−N scattering. The size of the basis of the operator-types in Tables G.8 and 4.4 is
the same as the number of expected near-degenerate states (Tables G.7 and 4.3) at
noninteracting energy levels. Each operator-type consists of up to six operators, and
each operator is calculated from dierent combination of the single hadron operators
listed in the Table 3.2.To summarize; each expected noninteracting state is dened
by the combination of quantum numbers (|p|, J, l, S) named operator-type. In
the correlation matrix each expected noninteracting state (operator-type) is linked
to up to six dierent operators.
6.5 Determining eigenenergies for NJ/ψ and Nηc in
the region including Pc
Our work was organized as following. First we calculated single hadron correlation
functions CHpol,pol′ (p, p
′) for all combinations of momentum and polarization/spin
at sink and source (3.8). Single hadron correlators were combined as demanded
by the calculated operator-types for the wanted combination of quantum numbers
subduced to an irrep. As a result of this procedure we got new correlation functions
describing the scattering of a nucleon and cc̄ meson.
Eective energies Eeff are calculated by solving the GEVP (3.6)from the cor-
relation matrix. Eigenvectors λn at each resampled ensemble were tted with one
exponential t
λn ∝ e−Ent.
Eigenenergies En and σEn were determined from the t with the Jackknife procedure
(3.7).
6.5.1 Representative example for scattering of J/ψ − N in
irrep G−1
I will present scattering of J/ψ−N in the irrep G−1 in more detail. In the noninter-
acting limit we expect six states in this irrep (Table 6.1). The number of states in
the noninteracting limit is calculated by multiplication of the irrep for single hadrons
(Chapter 4).
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Table 6.1: Number of states in the noninteracting limit for irrep G−1
Operator-types in this irrep are dened by the quantum numbers given in Table
6.2 1.


























Table 6.2: Operator types in the irrep G−1
Element of the correlation matrix for operator-type with |p|2 = 0 is calculated
above in (Eq. 6.3). The procedure is identical for other operator-types, just combi-
nations are more complex. With the calculation of all combinations of operator-types
for all operators, the correlation matrix is 36× 36 (six operator-types times six op-
erators on source and sink). With the GEVP we calculated eective energies Eeff
shown in Fig. 6.5.
The eigenvalues of each resampled set were tted with one exponential t (λn =
Ae−BEn). Fit of eigenenergy En and its error σEn (Table 6.3) were calculated with
the Jackknife method (3.7).
We veried that the number of observed states in each irrep agrees with the
predicted number of states at each noninteracting energy. Later on we were looking
for some additional states, which would indicate a resonance in the spectrum, as
was analytically predicted in section 5.3 and shown in Figs. 5.7,5.8,5.9,5.10.
We noticed that there is one-to-one mapping between the observed spectrum
and inclusion of the basis operator-type. That means if we exclude one operator-
type from the basis, we observe one state less in the spectrum. In the case where
additional operator-types in the correlation matrix could be expressed as a linear
combination of other operator-types there was no such additional state. With other
words: The maximum number of observed states at each noninteracting energy is
equal to the number of expected states in the limit of noninteracting scattering,
1For other irreps the list can be found in Chapter 4 in Table 4.4
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Figure 6.5: Eective energy spectrum for N − J/ψ scattering in irrep G−1 . All six
states expected in the non-interacting limit are observed. No additional state or
energy shift indicating resonance is not seen.
irrep state n Ena σEna






Table 6.3: Calculated energies for irrep G−1
which is also equal to the number of linearly independent operator-types at each
value of momentum |p|2. Number of observed states is independent of the basis
we use for operator-types as long as the basis is complete. It is only important to
include the whole basis for irrep at each value of momentum |p|2. One choice for
the basis of operator-types in these examples was calculated with Gram-Schmidt
orthogonalization from all possible combinations of quantum number (|p|, J, l, S),
which could appear at the irrep we are observing. Making changes to the basis
changes the noise level of the results (errors σE get bigger or smaller), while leaving
out one or more operator-types from the basis cause the disappearance of the state
connected to that operator from the spectrum.
6.6 Results for the eigenenergies
In this section, we present results for J/ψ −N and ηc −N scattering in the elastic
approximation.
Operator-type basis for the correlation function in all irreps were chosen to form
a linearly independent set of operator-types for each irrep. Quantum numbers used
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Figure 6.6: Energies of NJ/ψ eigenstates in the one-channel approximation for all
lattice irreps. The quantum numbers JP that contribute to each irrep are listed
on the top. Each box represents one eigenstate. The centre of the box represents
it energy En, while height represents to 2σEn . Ten lowest eigen-energies are, for
example, shown in the irrep H−. The number of the observed near-degenerate
states agrees with the expected number of states in the non interacting limit. This
number is given in Table 4.3 and indicated in the plot; it arises due to the non-
zero spins of the nucleon and J/ψ. Dashed lines represent non-interacting energies
EN(p)+EJ/ψ(−p) for dierent value of relative momentum p: black for |p|2 = 0, red
for |p|2 = 1 and blue for |p|2 = 2 where |p|2 is given in units of (2π/L)2. The dash-
dotted (three dierent green and turquoise) lines correspond to experimental masses
of Pc states (Table 5.1). The observed spectrum shows no signicant energy shifts
or additional eigenstates. Energies are presented with a respect to spin-averaged
charmonium mass (mηc + 3mJ/ψ)/4. Color-coding of the eigen-energies is arbitrary.
for generation of operator-type basis are given in Table 4.4 for scattering of J/ψ −
N scattering and Table G.8 for ηc − N scattering. A procedure similar to the
one described above for irrep G−1 was performed for each channel and each irrep
separately.
Results for one channel approximation in the scattering of NJ/ψ and Nηc are
presented in Figs. 6.6 and 6.7. Dashed lines are noninteracting energies for the
scattering of nucleon N and meson (M = J/ψ or ηc) EN(p) + EM(−p). Black
dashed line is at |p|2 = 0, red at |p|2 = 1 and blue for |p|2 = 2 in units of 2π/L.
Dash-dotted lines are at the experimentally measured energies corresponding to the
masses of the charmed pentaquark resonances (Table 5.1). Each box on the graphs
represents one eigenstate. The centre of the box represents it energy En, while
height represents 2σEn . Fitted values of the energies En and their errors σEn are
listed in Tables K.1 and K.2. Energies are presented with a respect to spin-averaged
charmonium mass (mηc + 3mJ/ψ)/4 (2.4.2). Next to each set of eigenenergies, an
expected number of states in the noninteracting limit is given. This number agrees
with the number of observed eigenenergies.
For each value of momentum |p|2 we know how many linearly independent
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Figure 6.7: Energies of Nηc eigenstates in the one-channel approximation for all
lattice irreps. The quantum numbers JP that contribute to each irrep are listed
on the top. Each box represents one eigenstate. The centre of the box represents
it energy En, while height represents to 2σEn . The number of the observed near-
degenerate states agrees with the expected number of states in the non interacting
limit. This number is given in Table G.7 and indicated in the plot; it arises due to the
non-zero spin of the nucleon. This number is smaller for Nηc than for NJ/ψ since
J/ψ carries spin one, while ηc is spinless. Dashed lines represent non-interacting
energies EN(p) + Eηc(−p) for dierent values of the relative momenta p: black for
|p|2 = 0, red for |p|2 = 1 and blue for |p|2 = 2, where |p|2 is given in units of (2π/L)2.
The dash-dotted (green and turquoise) lines correspond to experimental masses of
Pc states. The observed spectrum shows no signicant energy shifts or additional
eigenstates. Energies are presented with respect to spin-averaged charmonium mass
(mηc + 3mJ/ψ)/4.
operator- types are expected (Tables 4.3 and G.7 for these two channels). This
number agrees with the number of states in the noninteracting limit for one channel
approximation of scattering that we observe in the spectrum agrees with the number
of near degenerate states predicted in the noninteracting limit. This is one of the
greatest achievements of this thesis, as in some irreps we get six near-degenerate
states (irreps H± in J/ψ − N scattering)), which makes the analysis of data chal-
lenging. All observed states are at noninteracting energies within a sizable error.
In section4.4 we found the list of quantum numbers which dene the operator
basis for each irrep. Other operator-types can be expressed as a linear combination
of these basis operator-types as already explained in section 4.4. The number of
observed states agree with the number of linearly independent operator-types. More
than one choice of quantum number is possible for the basis. A change of the basis
can cause more or less noise in the resulting spectrum. We tested multiple basis
options and chose the one with the smallest errors σEn . The dierence in results for
tested options was only the size of the errors and not the number of observed states.
In case Pc would be coupled only to one channel, an additional eigenstate is
expected in the spectrum (Fig. 5.7,5.8,5.9,5.10). Prediction to only one channel
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6.6. Results for the eigenenergies
Figure 6.8: Photoproduction in the GlueX experiment (γ + p → p + J/ψ) may
include also channel γ + p→ Pc → p+ J/ψ
would give all states expected in the noninteracting limit and one addition state
close to the mass of the Pc. We do not observe an additional eigenstate nor any
energy shift which would indicate a resonance in the spectrum.
Our result is not very suprising. The nucleon and charmonium do not share any
valence quark (6.4) and we did not expect to see a large interaction between them.
In addition, the GlueX experiment ([6]) studied photoproduction of the J/ψ meson
on the proton (Fig. 6.8). Study of the channel γ + p → J/ψ + p may include also
the intermediate state of pentaquark Pc
γ + p→ Pc → p+ J/ψ. (6.4)
In this channel Pc would be observed if the coupling to the p+J/ψ channel would
be large enough. Because J/ψ is photoproduced by a photon as a cc̄ pair from the
vacuum the only observed channel which could reside in Pc resonance is N − J/ψ.
The experiment did not observe the Pc but was able to put an upper bound to the
coupling of the Pc to the p+ J/ψ channel.
In summary, the results for one channel approximation for the NJ/ψ and Nηc
scattering are presented in this section. In case the charmed pentaquark states
would couple only to the NJ/ψ channel, we would expect to see an additional state
in the energy spectrum as we analytically predicted in Chapter 5 and showed in
Figs. 5.7,5.8,5.9,5.10. In the calculated spectrum we observe an expected number
of near degenerate states (Tables 4.3,G.7). Degeneration originates from the spin
of particles in the scattering. No additional state was observed. Therefore we can
conclude that our lattice data do not support a scenario in which Pc would couple
only to an NJ/ψ channel.
LHCb results ([4]) indeed support the interpretation that the ΣcD̄ channel is
crucial for the existence of Pc. All the discovered narrow Pc lie near Σ+c D̄
0(∗) thresh-
old, indicating that coupling of pJ/ψ to this channel might be important for giving
rise to Pc in experiment. This might provide a possible explanation as to why Pc
resonances are not observed in our lattice study of the pJ/ψ channel in the approxi-
mation where it is decoupled from all other channels. LHCb results are in accordance
with our conclusion that the coupling of pJ/ψ with other channels might be crucial
for the existence of P+c resonances.
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Chapter 6. Lattice results for N − J/ψ and N − ηc scattering in all
channels, including Pc channels
Very recently the LHCb looked for the Pc(4312) in the pηc spectrum ([74]) in
Λb → ηc(1S) p K−
decay. They did not observe any evidence of the pentaquark state and the upper
limit of branching ratios
B(Λb → Pc(4312)+K−)× B(Pc(4312) → ηc(1S) p)
B(Λb → ηc(1S) p K−)
< 0.24





In this thesis we studied hadronic spectroscopy in Lattice QCD to explore hadronic
resonances decaying to pairs of hadrons with or without spin. Simulation of scat-
tering on the lattice requires operators for scattering of particles with spin. The
rst goal of this thesis was to explore and calculate operators in dierent channels
including scattering of the nucleon and vector meson. In 2015 LHCb discovered a
hidden charm pentaquark Pc in the invariant mass spectrum of p− J/ψ ([2]). The
rst lattice search for Pc resonance in one channel approximation for scattering of
N − J/ψ and N − ηc was the second goal of this thesis.
We calculated operators for scattering of hadrons with spin in three dierent
methods, which were described, compared and used in this text. The projection
method uses the mathematical properties of irreducible representations to obtain
the operators. The Partial-wave method denes operators with well dened angular
momentum l and total spin S. The Helicity method gives operators where the he-
licity of each particle is a good quantum number. We proved that all three methods
give equivalent results and that calculated operators have the desired transforma-
tion properties. Operators calculated in one method can be expressed as a linear
combination of the operators calculated in the other methods. We calculated and
explored operators for PP , PV , V V , PN , V N and NN scattering, where P , V and
N indicate arbitrary particle with spin SP = 0−, 1− and 1
2
+ respectively.
We determined quantum numbers that form a linearly independent basis of op-
erators for the scattering of two hadrons for each irreducible representation of the
octahedral group. All other operators can be expressed as a linear combination of
those forming a basis. We proved that the number of linearly independent operators
in every method agrees and is equal to the number of states in the noninteracting
limit for the scattering of two hadrons.
In the second part of this thesis we presented the rst lattice QCD simulation of
hidden charm pentaquark Pc channels by LHCb. The only observed decay channel
is p−J/ψ. Pc has the minimal avor structure uudcc̄ and can decay to pair N−J/ψ
or N −ηc, where N is proton. We studied the N −J/ψ and N −ηc scattering in one
channel approximation, which could result in the Pc ([2, 3, 74]). Using the Lüscher
equation we predicted the eigenenergies of the N−J/ψ spectrum in a scenario where
Pcwould be coupled only to this channel. We expect an additional eigenstate (in
comparation to the noninteracting limit for scattering) close to the mass of the Pc
for scenario when Pc couples only to N − J/ψ channel.
Operators for PN and V N scattering, derived in rst part of thesis, were used
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Chapter 7. Conclusion
to combine single hadron correlation functions (N , ηc meson and J/ψ meson) in
the correlation function for the scattering of the N − J/ψ meson and N − ηc meson
in one channel approximation. We extracted eigenenergies for this system. The
number of states at each noninteracting energy level agrees with the number of states
expected in the noninteracting limit due to nonzero spin. We extracted all those
expected up to six times near degenerate states originating in the noninteracting
limit for scattering. In noninteracting limit we expect the states to reside close to
the energies EN(p) +EJ/ψ(−p) or EN(p) +Eηc(−p), where p = 2πL n. No additional
state was observed in the spectrum, therefore we can conclude that our lattice data
does not support a scenario where Pc is coupled only to one channel the NJ/ψ or
Nηc channel. Our lattice data suggest that the hidden charm pentaquark Pc is not
coupled only to one channel (the J/ψN or ηcN), but is probably a consequence of
coupled channels eects or signicant interaction in other channels (i.e. charmed
meson and charmed baryon).
More recent LHCb results ([4, 74]) indeed support the interpretation that the
ΣcD̄ channel is crucial for the existence of Pc. All the discovered narrow Pc lie
near Σ+c D̄
0(∗) threshold, indicating that the coupling of pJ/ψ to this channel might
be important for giving rise to Pc in experiment. This might provide a possible
explanation as to why Pc resonances are not observed in our lattice study of the
pJ/ψ channel in the approximation where it is decoupled from all other channels.
LHCb results are in accordance with our conclusion that the coupling of pJ/ψ with
other channels might be crucial for the existence of Pc resonances.
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Original gauge links U are smeared to get smeared links V . Procedure performed
on the lattice we used are described here.
A.1 nHYP smearing of the links
HYP smearing is constructed from consecutive APE type smearing. First the staple
sum Γµ(n) =
∑
µ ̸=ν Uν(n)Uµ(n + ν̂)U
†
ν(n + µ̂) is added to the original link Uµ(n)
(2.7) as




α is a parameter, chosen in the optimization process. Normalized APE (nAPE) link





nHYP smearing constists of three consecutive nAPE smearing (A.2). Sums Γ are
constructed in the way that only links within the hypercube around the original link




































To summarize, Uµ(n) are original thin links from lattice site n in the direction µ
(Fig. 2.1), while Vµ(n) (A.3) are the resulting fat links restricted by the hypercube.
Ṽ and V̄ in (A.3) are intermediate steps in calculation of Vµ(n) which are also
restricted to the attached hypercube.
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In this appendix γ matrices in dierent representations for Euclidean and Minkovski
space are listed.
B.1 γ matrices in Chiral representation of Euclidean
space





0 0 0 −i
0 0 −i 0
0 i 0 0






0 0 0 −1
0 0 1 0
0 1 0 0






0 0 −i 0
0 0 0 i
i 0 0 0






0 0 −1 0
0 0 0 −1
−1 0 0 0







1 0 0 0
0 1 0 0
0 0 −1 0
0 0 0 −1
⎤⎥⎥⎥⎥⎥⎥⎥⎦
Operator for charge conjugation C is equal to
C = iγ2γ4. (B.2)






Appendix B. γ matrices
These matrices obey the following relation








−1 = −γTµ .




0 0 0 −i
0 0 −i 0
0 i 0 0




0 0 0 −1
0 0 1 0
0 1 0 0




0 0 −i 0
0 0 0 i
i 0 0 0




1 0 0 0
0 1 0 0
0 0 −1 0





0 0 −1 0
0 0 0 −1
−1 0 0 0
0 −1 0 0
⎤⎥⎥⎥⎥⎥⎥⎥⎦
B.3 γ matrices in Chiral representation of Minkovski
space
γ matrices in Chiral representation of the Minkovski space
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B.4. γ matrices in Dirac representation of Minkovski space
γCM0 =
⎡⎢⎢⎢⎢⎢⎢⎢⎣
0 0 −1 0
0 0 0 −1
−1 0 0 0




0 0 0 1
0 0 1 0
0 −1 0 0




0 0 0 −i
0 0 i 0
0 i 0 0




0 0 1 0
0 0 0 −1
−1 0 0 0





1 0 0 0
0 1 0 0
0 0 −1 0
0 0 0 −1
⎤⎥⎥⎥⎥⎥⎥⎥⎦




1 0 0 0
0 1 0 0
0 0 −1 0




0 0 0 1
0 0 1 0
0 −1 0 0




0 0 0 −i
0 0 i 0
0 i 0 0




0 0 1 0
0 0 0 −1
−1 0 0 0





0 0 1 0
0 0 0 1
1 0 0 0
0 1 0 0
⎤⎥⎥⎥⎥⎥⎥⎥⎦
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Appendix C
Single particle correlation function in
distillation
Here derivations for a single hadron interpolators, correlation functions and their
properties are given. First they are written in the conventional way, then they
are expressed within the distillation method, which allows computation of all Wick
contractions.
C.1 Correlation function for meson
At the start of this chapter operators are not momentum projected. The operators
in space koordinates will be momentum projected at the begining of the derivation
within the distillation method. In derivation given below transformation properties
of quark propagators and gamma matrices under hermitian conjugation are used.
Correlation function for mesonM created at point (x′, t′) and anihilated at point
(x, t) is written as
CM (x,x
′, t, t′) = ⟨0|HM (x, t) H̄M (x′, t′) |0⟩ , (C.1)
where HM (x, t) = c̄f̄1 (x, t) Γcf1 (x, t). Due to simplicity we write Dirac indeces
explicitly
CM (x,x












′, t′))β′ |0⟩ .
(C.2)
Einstain summation rule for Dirac indexes is implied. Correlation function is rewrit-
ten in the following form
CM (x,x












′, t′))β′ |0⟩ .
(C.3)











c quarks in propagators can be combined in the two dierent ways (Fig. C.1). Left










Appendix C. Single particle correlation function in distillation
Contribution of disconnected diagram (right hand side of Fig. C.1) is
Tr
[








Figure C.1: A graphical representation of contractions contributing to the correla-
tion function for a c̄c meson. Traces over Dirac indexes can be seen as a closed loop
one gets when following arrows.
A correlation function is a sum of both terms
CM (x,x
′, t, t′) = Tr
[















C.2 Correlation function for baryon
Correlation function for a baryon is created with an operator H̄B at the point x′ at
time t′ and anihilated with the operator HB at the point x and time t. The operator
HB ( 3.6) is used in a correlation function (3.9)
CB(x,x







































where Dirac indexes are explicitly written out as greek letters. In (C.5) previous
denition for a propagator D−1q (3.20) is used
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C.3. Correlation function for meson in distillation
CB(x,x






































u quark elds are coupled in both possible ways and the minus sign origins from
properties of grassman variables. Sum over Dirac indexes can be substituted by the
trace
CB(x,x




















































Comparation between corelation function in C.7 and gure C.2 tells that each






′,x, t′, t). (C.10)
Daggered propagator goes from t′ to t on the picture (presented with arrows number
4 on both pictures), which is exact opposite of normal propagator.
C.3 Correlation function for meson in distillation
Distillation is described above in section 3.5. Used combinations of Γ matrices can













on sink, where exact content of Γ and Γ′ is not important at these point. Correlation




) = ⟨0|HM(p′, t′)H̄M(p, t) |0⟩ . (C.11)
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Appendix C. Single particle correlation function in distillation
Figure C.2: Wick's contraction for proton with marked traces. For calculation of
contributions for single contraction one has to follow arrows to obtain closed loop.
Trace in C.8 is describing contraction 1 on left hand side of gure while traces in
C.9 describe contraction 2 on the right hand side of gure.


















′x′ c̄(x, t)Γc(x, t)eipx. (C.12)
First sum over Dirac indexes α, β, α′, β′ is explicitly written, which will be useful
in making of traces in the last step









′x′ c̄α(x, t)Γα,βcβ(x, t)e
ipx.
(C.13)








is implied on all quark elds c and c̄






















(m)(x, t)v(m)†(y2, t)cβ(y2, t)e
ipx.
(C.14)
















C.4. Baryon correlation function in distillation
where sum is over colors of quarks f1 and f ′1 and q marks quark avor. Perambulator
has two pairs of indexes, one pair is distillation indexes (l), (l′) and second pair are





v†(l)(x, t)v(m)(x, t)e−ipx (C.16)
is summed over space coordinate x and has two distillation indeces (l), (m). ϕ and
τ are obtained with combining variables in C.14 in denition of correlation function,
which now reads











































Sums over distillation and Dirac indexes can be written as traces and therefore
correlation function for meson can be written in following form
C(p,p′, t, t′) = Tr [ϕ(p′, t′)τc(y2
′,y1














C.4 Baryon correlation function in distillation
Correlation function C is calculated
C(p,p′, t, t
′
) = ⟨0|HB(p, t)H̄B(p′, t′) |0⟩ . (C.19)
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Parity and spin projection of results
Correlation function obtained from simulation is given in Chiral representation of
Euclidian space and is not parity projected. For easier understanding of results,
correlation matrix is transformed in Dirac representation of Euclidian space (spinor
up in Dirac representation is equal to (1, 0, 0, 0)). In the following appendix rep-
resentation is noted by the appropriate subscript. Subscript DM stands for Dirac
representation in Minkovski space, CM for a Chiral representation of Minkovski
space, subscript CE means Chiral representation of Euclidean space and subscript
DE means Dirac representation of Euclidean space.
Transformation from the Dirac to the Chiral representation of Minkovski space









1 0 1 0
0 1 0 1
−1 0 1 0
0 −1 0 1
⎤⎥⎥⎥⎥⎥⎥⎥⎦
. (D.1)
Matrix U (D.1) has following properties
U †U = 1 and UT = U †.
We assume that the same transformation matrix U can be used in the Euclidean
space.
Correlation function in Dirac representation should be parity projectied before
used in analysis. Matrix form for projection operator in Dirac (P±DE) and Chiral
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(1± γDE4 ) P+DE =
⎡⎢⎢⎢⎢⎢⎢⎢⎣
1 0 0 0
0 1 0 0
0 0 0 0




0 0 0 0
0 0 0 0
0 0 1 0










1 0 −1 0
0 1 0 −1
−1 0 1 0






1 0 1 0
0 1 0 1
1 0 1 0
0 1 0 1
⎤⎥⎥⎥⎥⎥⎥⎥⎦
.
All γ matrices used in this appendix are listed in B.
D.1 Parity and spin projection
Transformation between parity projected correlation matrix in Dirac representation



































Transformation of quark elds
Quark elds q and q̄ are spinors. Their behavior under transformation U is deter-

















1in this appendix snk means sink and src means source.
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D.2. Trace of CCE for nucleon is equal to spin average value of
correlation function CDE
Transformation of the creation and anihilation operators
Meson













































CCE = ⟨0|OCEŌCE|0⟩ = ⟨0|ODEŌDE|0⟩ = CDE (D.10)
Nucleon
CCE = ⟨0|OCEŌCE|⟩ = ⟨0|UODEŌDEU †|0⟩ = U⟨0|ODEŌDE|0⟩U † = UCDEU †
(D.11)
In our work there was unexpected agreement on the spin averaged results re-
gardless the representation they were written in it. Below explanation is given.
D.2 Trace of CCE for nucleon is equal to spin aver-
age value of correlation function CDE
 UTU = 1
 P PsnkCE P
Psrc
CE = δ(Psnk, Psrc)P
Psnk
CE
 P PsnkDE P
Psrc
DE = δ(Psnk, Psrc)P
Psnk
DE
 P PDE = U
T · P PCE · U
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Appendix D. Parity and spin projection of results
In equation D.12 CCE is not parity projected. Trace of CCE over Dirac indexes
gives spin averaged value.




=Tr(UT · U · P PsnkDE · CDE · P
Psrc
DE ) = (D.12)
=Tr(1 · P PsnkDE · CDE · P
Psrc
DE ) =
=Tr(P PsrcDE · P
Psnk
DE · CDE) =




(P PsnkDE · CDE)ssnk,ssrc =
=CPsnk=PsrcDE spin av
Here proof is given that trace over CCE is equal to correlation function for spin
average case. But what if result of simulation is already parity projected?
C̃CE =P
Psnk







CE · U · CCE · U





CE · U · CDE · U
T · P PsrcCE
Tr(C̃CE) =Tr(P
Psnk
CE · U · CDE · U
T · P PsrcCE ) =
=Tr(δ(Psnk, Psrc)P
Psnk
CE · U · CDE · U
T ) =
=δ(Psnk, Psrc)Tr(U · UT · P PsnkCE · U · U
TU · CDE · UT ) =




DE · CDE) =
=CPsnk=PsrcDE spin av




Proofs of transformation properties
for operators
E.0.1 Projection method
The arbitrary operator H(1),aH(2),a in (4.3) is a linear combination of OΓ′,r′ and the



























δΓΓ′δrr′′δrr′OΓ′,r′′ = δΓΓ′δrr′OΓ,r , (E.1)
where (4.2) and the orthogonality theorem [41] were used, while nG is number of
group elements.
E.0.2 Helicity method
Let us verify that annihilation operator (4.10) transforms under rotation Ra ∈ O(2)























































where we dened R′ = RaR and used (3.15).
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Appendix E. Proofs of transformation properties for operators
E.0.3 Partial-wave method
Here we verify that operator (4.17) transforms under rotation Ra ∈ O(2) as (4.1).
First the summation R ∈ O (4.17) can be replaced by R ∈ O(2) since both have the
































where (3.14) was used. We intruduce introduce R′ ≡ RaR, which is also an element
of O(2), and use









































































= δmJ ,m̃J δJ,J̃ .









































as needed to verify (4.1). In the last step R ∈ O(2) was replaced by back to R ∈ O
in (4.17) as both have the same eect on p.
1Irrelevant overall factor 1/2 that might arise is here omitted.
2See for example Appendix C of [Messiah]. This relation depends on the convention of Wigner
D matrix and we have explicitly veried it for employed convention.
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Appendix F
Relation between operators in
partial-wave and helicity method
The proof of the relation (4.21) between partial-wave operators (4.17) and helicity
operators (4.12) is presented here. The Clebsch-Gordan coecient in the partial






















Let us rst consider the term with the sum over ms1 and ms2. The single-hadron op-





(3.14)1 with Rp = RRp0pz = R
′pz. Then products of two Wigner D-matrices are re-
















































































The rst part of (F.1) contains the spherical harmonics, which is expressed in terms



























1The summation index is denoted −λ2 for the second hadron.
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Appendix F. Relation between operators in partial-wave and helicity
method
which will be derived at the end of this Appendix.







































































This operator already has a good parity P = P1P2(−1)L and one can act on it by
the parity projection 1
2






































The second line represents the helicity operator (4.12), so the partial wave operator






















A similar relation can be found in Eq. (4) of [32].
We close by deriving the relation (F.2), which was used above. The intermediate
















The tensor Y LSJmJ (R̂p) can be transformed to helicity basis (denoted by prime on
page 197 of [44]) which in turn can be expressed using Wigner-D matrices ( page
197 of [44])
Y LSJmJ (θ, ϕ) =
S∑
λ=−S

























where the right-hand-side can be further expressed as (pages 173 and 197 of [44])




















Inserting all to (F.7) and taking into account DJ−λ−mJ (α, β, γ) = D
J
mJλ


















(ϕ, θ, 0))∗DJmJ ,λ(ϕ, θ, 0) .





y] of Rp = RR
p
0pz. The rotation of pz with Euler angles
(ϕ, θ, 0) leads to the vector with polar coordinates (θ, ϕ).
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Operators for scattering of particles
with zero total momentum in partial
wave method
Here linearly independent operators for scattering of two hadrons with total momen-
tum P tot = 0. Operators are calculated with use of partial wave method described
in chapter 4 for relative momentum |p| ≤ 1.
In our calculations we used operators calculated in partial wave method subduced
to a chosen irrep of O(2)h group. We checked with Grand Schmidt ortogonalization
that operators calculated in partial wave method for listed quantum numbers form
linearly independent basis after subduction to chosen irrep. Subduction to a chosen
irrep is described in equation 4.18. Each two hadron channel (PP , PN , PV , V V ,
NV and NN ) is described in separated section containing three parts 1. In rst
table with expected number of linearly independent operators is calculated with
combining of single particle irreducible representations (Section 4.2.5). In second
table list of quantum numbers for each value of relative momentum |p| ≤ 2 forming
a linearly independent basis is given, these list was obtaind through grand schmidt
ortogonalization of basis vectors. At the end of each section list of these "basis"



















0 1× 1 0× 1 0× 1 0× 1 0× 3 0× 3 0× 3 0× 3 0× 2 0× 2 1
1 1× 1 0× 1 0× 1 0× 1 0× 3 1× 3 0× 3 0× 3 1× 2 0× 2 6
2 1× 1 0× 1 0× 1 0× 1 0× 3 1× 3 1× 3 1× 3 1× 2 0× 2 12
Table G.1: Here number of linearly independent operators for scatering of two pseu-
doscalar mesons in each irrep is given. Total number of linearly independent op-
erators is obtained by multiplying number of linearly independent operators with
number of lines in irrep.







Appendix G. Operators for scattering of particles with zero total
momentum in partial wave method
irrep type-number |p|2 J L S
A−1 1 0 0 0 0
2 1 0 0 0
3 2 0 0 0
E+ 1 1 2 2 0
2 2 2 2 0
T−1 1 1 1 1 0
2 2 1 1 0
T+2 1 2 2 2 0
T−2 1 2 3 3 0
Table G.2: Combinations of quantum numbers for linearly independent operators










2 = 1) =P1 [ex]P2 [−ex] + P1 [−ex]P2 [ex] + P1 [ey]P2 [−ey] +




2 = 1) =P1 [ex]P2 [−ex]− P1 [−ex]P2 [ex]−




2 = 1) =P1 [ex]P2 [−ex] + P1 [−ex]P2 [ex] + P1 [ey]P2 [−ey] +
+ P1 [−ey]P2 [ey]− 2P1 [ez]P2 [−ez]− 2P1 [−ez]P2 [ez]
G.2 PV operators




2 = 0) =P[0] (Vx[0]− iVy[0])




2 = 1) =P [ex]Vx [−ex]− P [−ex]Vx [ex] + P [ey]Vy [−ey]− P [−ey]Vy [ey] +




















0 0× 1 0× 1 0× 1 0× 1 1× 3 0× 3 0× 3 0× 3 0× 2 0× 2 3
1 0× 1 1× 1 0× 1 0× 1 2× 3 1× 3 1× 3 1× 3 0× 2 1× 2 18
2 0× 1 1× 1 1× 1 1× 1 3× 3 2× 3 2× 3 2× 3 1× 2 2× 2 36
Table G.3: Number of linearly independent operators at each irreducible represen-
tation and each value of relative momentum |p| separately. Total number of linearly
independent operators is obtained so that number of operators in each line is mul-
tiplied by number of lines in irrep.
irrep type-number |p|2 J L S
A−1 1 1 0 1 1
2 2 0 1 1
A+2 1 2 3 2 1
A−2 1 2 3 3 1
E+ 1 2 2 2 1
E− 1 1 2 1 1
2 2 2 1 1
3 2 2 3 1
irrep type-number |p|2 J L S
T+1 1 0 1 0 1
2 1 1 0 1
3 1 1 2 1
4 2 1 0 1
5 2 1 2 1
6 2 3 2 1
T−1 1 1 1 1 1
2 2 1 1 1
3 2 3 3 1
T+2 1 1 2 2 1
2 2 2 2 1
3 2 3 2 1
T−2 1 1 2 1 1
2 2 2 1 1
3 2 2 3 1
Table G.4: Combinations of quantum numbers forming linearly independent opera-
tors in PW method after subduction to chosen irrep for scattering of pseudoscalar




2 = 1) =P [ex]Vx [−ex]− P [−ex]Vx [ex] + P [ey]Vy [−ey]− P [−ey]Vy [ey]−
− 2P [ez]Vz [−ez] + 2P [−ez]Vz [ez]
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2 = 1) =P [ex] (Vx [−ex]− iVy [−ex]) + P [−ex] (Vx [ex]− iVy [ex]) +
+ P [ey] (Vx [−ey]− iVy [−ey]) + P [−ey] (Vx [ey]− iVy [ey]) +




2 = 1) =− P [ex] (2Vx [−ex] + iVy [−ex])− P [−ex] (2Vx [ex] + iVy [ex]) +
+ P [ey] (Vx [−ey] + 2iVy [−ey]) + P [−ey] (Vx [ey] + 2iVy [ey]) +




2 = 1) =− P [ez] (Vx [−ez]− iVy [−ez]) + P [−ez] (Vx [ez]− iVy [ez]) +




2 = 1) =P [ey]Vx [−ey] + P [−ey]Vx [ey]− i (P [ex]Vy [−ex] + P [−ex]Vy [ex])−




2 = 1) =P [ez] (Vx [−ez]− iVy [−ez])− P [−ez] (Vx [ez]− iVy [ez]) +
+ P [ex]Vz [−ex]− P [−ex]Vz [ex]− iP [ey]Vz [−ey] + iP [−ey]Vz [ey]


















0 1× 1 0× 1 0× 1 0× 1 1× 3 0× 3 1× 3 0× 3 1× 2 0× 2 9
1 2× 1 1× 1 1× 1 1× 1 3× 3 4× 3 3× 3 3× 3 3× 2 2× 2 54
2 3× 1 2× 1 2× 1 2× 1 6× 3 7× 3 7× 3 7× 3 5× 2 4× 2 108
Table G.5: Number of linearly independent operators at each irreducible represen-
tation and each value of relative momentum |p| separately. Total number of linearly
independent operators is obtained so that number of operators in each line is mul-
tiplied by number of lines in irrep.
















2 = 0) =V1,z[0] (V2,x[0]− iV2,y[0]) + (V1,x[0]− iV1,y[0])V2,z[0]
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G.3. V V operators
irrep type-number |p|2 J L S
A+1 1 0 0 0 0
2 1 0 0 0
3 1 0 2 2
A−1 1 1 0 1 1
A+2 1 1 3 2 2
A−2 1 1 3 1 2
T+1 1 0 1 0 1
2 1 1 0 1
3 1 1 2 1
4 1 1 2 2
T−1 1 1 1 1 0
2 1 1 1 1
3 1 1 1 2
4 1 1 3 2
irrep type-number |p|2 J L S
E+ 1 0 2 0 2
2 1 2 2 0
3 1 2 0 2
4 1 2 2 2
E− 1 1 2 1 1
2 1 2 1 2
T+2 1 0 2 0 2
2 1 2 2 1
3 1 2 0 2
4 1 2 2 2
T−2 1 1 2 1 1
2 1 2 1 2
3 1 2 3 2
Table G.6: Combinations of quantum numbers forming linearly independent oper-
ators in PW method after subduction to chosen irrep for scattering of two vector
mesons (V V scattering).




2 = 1) =V1,x [ex]V2,x [−ex] + V1,x [−ex]V2,x [ex] + V1,x [ey]V2,x [−ey] +
+ V1,x [−ey]V2,x [ey] + V1,x [ez]V2,x [−ez] + V1,x [−ez]V2,x [ez] +
+ V1,y [ex]V2,y [−ex] + V1,y [−ex]V2,y [ex] + V1,y [ey]V2,y [−ey] +
+ V1,y [−ey]V2,y [ey] + V1,y [ez]V2,y [−ez] + V1,y [−ez]V2,y [ez] +
+ V1,z [ex]V2,z [−ex] + V1,z [−ex]V2,z [ex] + V1,z [ey]V2,z [−ey] +




2 = 1) =− 2V1,x [ex]V2,x [−ex]− 2V1,x [−ex]V2,x [ex] + V1,x [ey]V2,x [−ey] +
+ V1,x [−ey]V2,x [ey] + V1,x [ez]V2,x [−ez] + V1,x [−ez]V2,x [ez] +
+ V1,y [ex]V2,y [−ex] + V1,y [−ex]V2,y [ex]− 2V1,y [ey]V2,y [−ey]−
− 2V1,y [−ey]V2,y [ey] + V1,y [ez]V2,y [−ez] + V1,y [−ez]V2,y [ez] +
+ V1,z [ex]V2,z [−ex] + V1,z [−ex]V2,z [ex] + V1,z [ey]V2,z [−ey] +
+ V1,z [−ey]V2,z [ey]− 2V1,z [ez]V2,z [−ez]− 2V1,z [−ez]V2,z [ez]
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2 = 1) =V1,z [ey]V2,x [−ey]− V1,z [−ey]V2,x [ey]− V1,y [ez]V2,x [−ez] +
+ V1,y [−ez]V2,x [ez]− V1,z [ex]V2,y [−ex] + V1,z [−ex]V2,y [ex] +
+ V1,x [ez]V2,y [−ez]− V1,x [−ez]V2,y [ez] + V1,y [ex]V2,z [−ex]−




2 = 1) =− V1,x [ey]V2,x [−ey]− V1,x [−ey]V2,x [ey] + V1,x [ez]V2,x [−ez] +
+ V1,x [−ez]V2,x [ez] + V1,y [ex]V2,y [−ex] + V1,y [−ex]V2,y [ex]−
− V1,y [ez]V2,y [−ez]− V1,y [−ez]V2,y [ez]− V1,z [ex]V2,z [−ex]−




2 = 1) =V1,z [ey]V2,x [−ey]− V1,z [−ey]V2,x [ey] + V1,y [ez]V2,x [−ez]−
− V1,y [−ez]V2,x [ez] + V1,z [ex]V2,y [−ex]− V1,z [−ex]V2,y [ex] +
+ V1,x [ez]V2,y [−ez]− V1,x [−ez]V2,y [ez] + V1,y [ex]V2,z [−ex]−




2 = 1) =− V1,z [ex] (V2,x [−ex]− iV2,y [−ex])− V1,z [−ex] (V2,x [ex]− iV2,y [ex])−
− V1,z [ey] (V2,x [−ey]− iV2,y [−ey])− V1,z [−ey] (V2,x [ey]− iV2,y [ey])−
− V1,z [ez] (V2,x [−ez]− iV2,y [−ez])− V1,z [−ez] (V2,x [ez]− iV2,y [ez]) +
+ (V1,x [ex]− iV1,y [ex])V2,z [−ex] + (V1,x [−ex]− iV1,y [−ex])V2,z [ex] +
+ (V1,x [ey]− iV1,y [ey])V2,z [−ey] + (V1,x [−ey]− iV1,y [−ey])V2,z [ey] +




2 = 1) =− V1,z [ex] (V2,x [−ex] + 2iV2,y [−ex])− V1,z [−ex] (V2,x [ex] + 2iV2,y [ex]) +
+ V1,z [ey] (2V2,x [−ey] + iV2,y [−ey]) + V1,z [−ey] (2V2,x [ey] + iV2,y [ey])−
− V1,z [ez] (V2,x [−ez]− iV2,y [−ez])− V1,z [−ez] (V2,x [ez]− iV2,y [ez]) +
+ (V1,x [ex] + 2iV1,y [ex])V2,z [−ex] + (V1,x [−ex] + 2iV1,y [−ex])V2,z [ex]−
− (2V1,x [ey] + iV1,y [ey])V2,z [−ey]− (2V1,x [−ey] + iV1,y [−ey])V2,z [ey] +




2 = 1) =− V1,z [ex]V2,x [−ex]− V1,z [−ex]V2,x [ex] +
+ V1,z [ez] (V2,x [−ez]− iV2,y [−ez]) + V1,z [−ez] (V2,x [ez]− iV2,y [ez]) +
+ i (V1,z [ey]V2,y [−ey] + V1,z [−ey]V2,y [ey] + iV1,x [ex]V2,z [−ex] +
+ iV1,x [−ex]V2,z [ex] + V1,y [ey]V2,z [−ey] + V1,y [−ey]V2,z [ey] +
+ (−iV1,x [ez]− V1,y [ez])V2,z [−ez] + (−iV1,x [−ez]− V1,y [−ez])V2,z [ez])
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2 = 1) =− V1,x [ex]V2,x [−ex] + V1,x [−ex]V2,x [ex] + iV1,x [ey]V2,x [−ey]−
− iV1,x [−ey]V2,x [ey]− V1,y [ex]V2,y [−ex] + V1,y [−ex]V2,y [ex] +
+ iV1,y [ey]V2,y [−ey]− iV1,y [−ey]V2,y [ey]− V1,z [ex]V2,z [−ex] +




2 = 1) =iV1,y [ex]V2,x [−ex]− iV1,y [−ex]V2,x [ex] + V1,y [ey]V2,x [−ey]−
− V1,y [−ey]V2,x [ey]− iV1,x [ex]V2,y [−ex] + iV1,x [−ex]V2,y [ex]−
− V1,x [ey]V2,y [−ey] + V1,x [−ey]V2,y [ey] +
+ V1,z [ez] (V2,x [−ez]− iV2,y [−ez])− V1,z [−ez] (V2,x [ez]− iV2,y [ez])−




2 = 1) = (−4V1,x [ex] + 3iV1,y [ex])V2,x [−ex] + (−2iV1,x [ey]− 3V1,y [ey])V2,x [−ey] +
+ (3iV1,x [ex] + 2V1,y [ex])V2,y [−ex] + V1,y [−ex] (−3iV2,x [ex]− 2V2,y [ex]) +
+ V1,x [−ex] (4V2,x [ex]− 3iV2,y [ex]) + (−3V1,x [ey] + 4iV1,y [ey])V2,y [−ey] +
+ V1,y [−ey] (3V2,x [ey]− 4iV2,y [ey]) + V1,x [−ey] (2iV2,x [ey] + 3V2,y [ey])−
− 3V1,z [ez] (V2,x [−ez]− iV2,y [−ez]) + 3V1,z [−ez] (V2,x [ez]− iV2,y [ez]) +
+ 2V1,z [ex]V2,z [−ex]− 2V1,z [−ex]V2,z [ex]− 2iV1,z [ey]V2,z [−ey] +
+ 2iV1,z [−ey]V2,z [ey]− 3 (V1,x [ez]− iV1,y [ez])V2,z [−ez] +




2 = 1) = (2V1,x [ex] + iV1,y [ex])V2,x [−ex] + i (V1,x [ey] + iV1,y [ey])V2,x [−ey] +
+ i (V1,x [ex] + iV1,y [ex])V2,y [−ex]− V1,x [−ex] (2V2,x [ex] + iV2,y [ex]) +
+ V1,y [−ex] (−iV2,x [ex] + V2,y [ex])− (V1,x [ey] + 2iV1,y [ey])V2,y [−ey] +
+ V1,y [−ey] (V2,x [ey] + 2iV2,y [ey]) + V1,x [−ey] (−iV2,x [ey] + V2,y [ey])−
− V1,z [ez] (V2,x [−ez]− iV2,y [−ez]) + V1,z [−ez] (V2,x [ez]− iV2,y [ez])−
− V1,z [ex]V2,z [−ex] + V1,z [−ex]V2,z [ex] + iV1,z [ey]V2,z [−ey]− iV1,z [−ey]V2,z [ey]−




2 = 1) =− V1,x [ex]V2,x [−ex]− V1,x [−ex]V2,x [ex]− V1,x [ey]V2,x [−ey]−
− V1,x [−ey]V2,x [ey] + 2V1,x [ez]V2,x [−ez] + 2V1,x [−ez]V2,x [ez]−
− V1,y [ex]V2,y [−ex]− V1,y [−ex]V2,y [ex]− V1,y [ey]V2,y [−ey]−
− V1,y [−ey]V2,y [ey] + 2V1,y [ez]V2,y [−ez] + 2V1,y [−ez]V2,y [ez]−
− V1,z [ex]V2,z [−ex]− V1,z [−ex]V2,z [ex]− V1,z [ey]V2,z [−ey]−
− V1,z [−ey]V2,z [ey] + 2V1,z [ez]V2,z [−ez] + 2V1,z [−ez]V2,z [ez]
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2 = 1) =V1,x [ex]V2,x [−ex] + V1,x [−ex]V2,x [ex] + V1,x [ey]V2,x [−ey] +
+ V1,x [−ey]V2,x [ey] + V1,x [ez]V2,x [−ez] + V1,x [−ez]V2,x [ez] +
+ V1,y [ex]V2,y [−ex] + V1,y [−ex]V2,y [ex] + V1,y [ey]V2,y [−ey] +
+ V1,y [−ey]V2,y [ey] + V1,y [ez]V2,y [−ez] + V1,y [−ez]V2,y [ez]−
− 2 (V1,z [ex]V2,z [−ex] + V1,z [−ex]V2,z [ex] + V1,z [ey]V2,z [−ey] +




2 = 1) =− V1,x [ex]V2,x [−ex]− V1,x [−ex]V2,x [ex] + 2V1,x [ey]V2,x [−ey] +
+ 2V1,x [−ey]V2,x [ey]− V1,x [ez]V2,x [−ez]− V1,x [−ez]V2,x [ez] +
+ 2V1,y [ex]V2,y [−ex] + 2V1,y [−ex]V2,y [ex]− V1,y [ey]V2,y [−ey]−
− V1,y [−ey]V2,y [ey]− V1,y [ez]V2,y [−ez]− V1,y [−ez]V2,y [ez]−
− V1,z [ex]V2,z [−ex]− V1,z [−ex]V2,z [ex]− V1,z [ey]V2,z [−ey]−




2 = 1) =V1,z [ey]V2,x [−ey]− V1,z [−ey]V2,x [ey] + 2V1,y [ez]V2,x [−ez]−
− 2V1,y [−ez]V2,x [ez]− V1,z [ex]V2,y [−ex] + V1,z [−ex]V2,y [ex]−
− 2V1,x [ez]V2,y [−ez] + 2V1,x [−ez]V2,y [ez] + V1,y [ex]V2,z [−ex]−




2 = 1) =V1,z [ey]V2,x [−ey]− V1,z [−ey]V2,x [ey]− V1,z [ex]V2,y [−ex] +
+ V1,z [−ex]V2,y [ex]− V1,y [ex]V2,z [−ex] + V1,y [−ex]V2,z [ex] +




2 = 1) =− V1,z [ex]V2,x [−ex]− V1,z [−ex]V2,x [ex] +
+ V1,z [ez] (V2,x [−ez]− iV2,y [−ez]) + V1,z [−ez] (V2,x [ez]− iV2,y [ez]) +
+ i (V1,z [ey]V2,y [−ey] + V1,z [−ey]V2,y [ey]− iV1,x [ex]V2,z [−ex]−
− iV1,x [−ex]V2,z [ex]− V1,y [ey]V2,z [−ey]− V1,y [−ey]V2,z [ey] +




2 = 1) =V1,z [ex] (V2,x [−ex]− iV2,y [−ex]) + V1,z [−ex] (V2,x [ex]− iV2,y [ex]) +
+ V1,z [ey] (V2,x [−ey]− iV2,y [−ey]) + V1,z [−ey] (V2,x [ey]− iV2,y [ey]) +
+ V1,z [ez] (V2,x [−ez]− iV2,y [−ez]) + V1,z [−ez] (V2,x [ez]− iV2,y [ez]) +
+ (V1,x [ex]− iV1,y [ex])V2,z [−ex] + (V1,x [−ex]− iV1,y [−ex])V2,z [ex] +
+ (V1,x [ey]− iV1,y [ey])V2,z [−ey] + (V1,x [−ey]− iV1,y [−ey])V2,z [ey] +






2 = 1) =− V1,z [ex] (V2,x [−ex] + 2iV2,y [−ex])− V1,z [−ex] (V2,x [ex] + 2iV2,y [ex]) +
+ V1,z [ey] (2V2,x [−ey] + iV2,y [−ey]) + V1,z [−ey] (2V2,x [ey] + iV2,y [ey])−
− V1,z [ez] (V2,x [−ez]− iV2,y [−ez])− V1,z [−ez] (V2,x [ez]− iV2,y [ez])−
− (V1,x [ex] + 2iV1,y [ex])V2,z [−ex]− (V1,x [−ex] + 2iV1,y [−ex])V2,z [ex] +
+ (2V1,x [ey] + iV1,y [ey])V2,z [−ey] + (2V1,x [−ey] + iV1,y [−ey])V2,z [ey]−




2 = 1) =iV1,y [ex]V2,x [−ex]− iV1,y [−ex]V2,x [ex] + V1,y [ey]V2,x [−ey]−
− V1,y [−ey]V2,x [ey]− iV1,x [ex]V2,y [−ex] + iV1,x [−ex]V2,y [ex]−
− V1,x [ey]V2,y [−ey] + V1,x [−ey]V2,y [ey]−
− V1,z [ez] (V2,x [−ez]− iV2,y [−ez]) + V1,z [−ez] (V2,x [ez]− iV2,y [ez]) +




2 = 1) = (2iV1,x [ey] + V1,y [ey])V2,x [−ey]− (2iV1,x [−ey] + V1,y [−ey])V2,x [ey] +
+ V1,y [ex] (−iV2,x [−ex]− 2V2,y [−ex]) + V1,x [ey]V2,y [−ey]−
− V1,x [−ey]V2,y [ey]− V1,z [ez] (V2,x [−ez]− iV2,y [−ez]) +
+ V1,z [−ez] (V2,x [ez]− iV2,y [ez]) + i (−V1,x [ex]V2,y [−ex] +
+ V1,y [−ex] (V2,x [ex]− 2iV2,y [ex]) + V1,x [−ex]V2,y [ex]−
− 2iV1,z [ex]V2,z [−ex] + 2iV1,z [−ex]V2,z [ex]−
− 2V1,z [ey]V2,z [−ey] + 2V1,z [−ey]V2,z [ey] +




2 = 1) =i (V1,x [ey] + iV1,y [ey])V2,x [−ey] + V1,y [−ey]V2,x [ey] +
+ iV1,y [ex] (V2,x [−ex] + iV2,y [−ex])− V1,x [ey]V2,y [−ey] +
+ V1,x [−ey] (−iV2,x [ey] + V2,y [ey]) + V1,z [ez] (V2,x [−ez]− iV2,y [−ez])−
− V1,z [−ez] (V2,x [ez]− iV2,y [ez])−
− i (−V1,x [ex]V2,y [−ex] + V1,y [−ex] (V2,x [ex] + iV2,y [ex]) +
+ V1,x [−ex]V2,y [ex] + iV1,z [ex]V2,z [−ex]− iV1,z [−ex]V2,z [ex] +
+ V1,z [ey]V2,z [−ey]− V1,z [−ey]V2,z [ey] + (iV1,x [ez] + V1,y [ez])V2,z [−ez] +
+ (−iV1,x [−ez]− V1,y [−ez])V2,z [ez])
G.4 PN operators












Appendix G. Operators for scattering of particles with zero total
momentum in partial wave method
|p|2 G+1 G−1 G+2 G−2 H+ H−
∑
0 0× 2 1× 2 0× 2 0× 2 0× 4 0× 4 2
1 1× 2 1× 2 0× 2 0× 2 1× 4 1× 4 12
2 1× 2 1× 2 1× 2 1× 2 2× 4 2× 4 24
Table G.7: Number of linearly independent operators at each irreducible represen-
tation and each value of relative momentum |p| separately. Total number of linearly
independent operators is obtained so that number of operators in each line is mul-
tiplied by number of lines in irrep.

































irrep type-number |p|2 J L S
























Table G.8: Combinations of quantum numbers for linearly independent operators
after subduction to chosen irrep for PN scattering.








(|p|2 = 1) =P [ex]N 1
2
[−ex] + P [−ex]N 1
2
[ex] +
+ P [ey]N 1
2
[−ey] + P [−ey]N 1
2
[ey] + P [ez]N 1
2










(|p|2 = 1) =P [ex]N− 1
2
[−ex]− P [−ex]N− 1
2
[ex]−
− iP [ey]N− 1
2
[−ey] + iP [−ey]N− 1
2
[ey] + P [ez]N 1
2










(|p|2 = 1) =− P [ex]N− 1
2
[−ex]− P [−ex]N− 1
2
[ex] + P [ey]N− 1
2










(|p|2 = 1) =P [ex]N 1
2
[−ex]− P [−ex]N 1
2
[ex]− iP [ey]N 1
2






















0 1× 1 0× 1 0× 1 0× 1 1× 3 0× 3 0× 3 0× 3 0× 2 0× 2 4
1 1× 1 1× 1 0× 1 0× 1 2× 3 2× 3 1× 3 1× 3 1× 2 1× 2 24
2 1× 1 1× 1 1× 1 1× 1 3× 3 3× 3 3× 3 3× 3 2× 2 2× 2 48
Table G.9: Number of linearly independent operators at each irreducible represen-
tation and each value of relative momentum |p| separately. Total number of linearly
independent operators is obtained so that number of operators in each line is mul-
tiplied by number of lines in irrep.
irrep type-number |p|2 J L S
A+1 1 0 0 0 0
2 1 0 0 0
3 2 0 0 0
A−1 1 1 0 1 1
2 2 0 1 1
A+2 1 2 3 2 1
A−2 1 2 3 3 1
T+1 1 0 1 0 1
2 1 1 0 1
3 1 1 2 1
4 2 1 0 1
5 2 1 2 1
6 2 3 2 1
T−1 1 1 1 1 0
2 1 1 1 1
3 2 1 1 0
4 2 1 1 1
5 2 3 3 1
irrep type-number |p|2 J L S
E+ 1 1 2 2 0
2 2 2 2 0
3 2 2 2 1
E− 1 1 2 1 1
2 2 2 1 1
3 2 2 3 1
T+2 1 1 2 2 1
2 2 2 2 0
3 2 2 2 1
4 2 3 2 1
T−2 1 1 2 1 1
2 2 2 1 1
3 2 2 3 1
4 2 3 3 0
Table G.10: Combinations of quantum numbers for linearly independent operators
after subduction to chosen irrep for scattering of two nucleons.
G.5 NN operators
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Appendix G. Operators for scattering of particles with zero total
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Appendix H
Operators for scattering of particles
with zero total momentum in
Projection method
Here linearly independent operators for scattering of two hadrons with total momen-
tum P tot = 0. Operators are calculated with use of partial wave method described
in chapter 4 for relative momentum |p| ≤ 1.
In our calculations we used operators calculated in partial wave method subduced
to a chosen irrep of O(2)h group. We checked with Grand Schmidt ortogonalization
that operators calculated in partial wave method for listed quantum numbers form
linearly independent basis after subduction to chosen irrep. Subduction to a chosen
irrep is described in equation 4.18. Each two hadron channel (PP , PN , PV , V V ,
NV and NN ) is described in separated section containing three parts. In rst
table with expected number of linearly independent operators is calculated with
combining of single particle irreducible representations (Section 4.2.5). In second
table list of quantum numbers for each value of relative momentum |p| ≤ 2 forming
a linearly independent basis is given, these list was obtaind through grand schmidt
ortogonalization of basis vectors. At the end of each section list of these "basis"
operators for rst line in irrep at |p| ≤ 1 is given.
Note that rows of the irreps T1 and T2 are in x, y, z basis for projection method,
while irreps T1 and T2 are in mJ basis for partial wave operators. Dierence of
the basis causes that the linear combinations of projection operators forming a
operator calculated in partial wave method contains operators for multiple rows (
r = 1, 2 and 3 ) and not only for rst row as in other irreps.
H.1 PP operators
H.1.1 |p|2 = 0
OPP (Γ,r)=(A
+




2 = 0) =OPP (Γ,r)=(A
+
1 ,1)(|p|2 = 0)
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H.1.2 |p|2 = 1
OPP (Γ,r)=(A
+
1 ,1)(|p|2 = 1) =P1 [ex]P2 [−ex] + P1 [−ex]P2 [ex] +




2 = 1) =OPP (Γ,r)=(A
+
1 ,1)(|p|2 = 1)
OPP (Γ,r)=(T
−




2 = 1) =OPP (Γ,r)=(T
−
1 ,1)(|p|2 = 1)− i OPP (Γ,r)=(T
−
1 ,2)(|p|2 = 1)
OPP (Γ,r)=(E
+,1)(|p|2 = 1) =P1 [ex]P2 [−ex] + P1 [−ex]P2 [ex] + P1 [ey]P2 [−ey] + P1 [−ey]P2 [ey]−




2 = 1) =OPP (Γ,r)=(E
+,1)(|p|2 = 1)
H.2 PV operators
H.2.1 |p|2 = 0
OPV (Γ,r)=(T
+




2 = 0) =O(Γ,r)=(T
+
1 ,1)(|p|2 = 0)− i O(Γ,r)=(T
+
1 ,2)(|p|2 = 0)
H.2.2 |p|2 = 1
OPV,(Γ,r)=(A
−
1 ,1)(|p|2 = 1) =− P [ex]Vx [−ex] + P [−ex]Vx [ex]− P [ey]Vy [−ey] + P [−ey]Vy [ey]−




2 = 1) =OPV,(Γ,r)=(A
−
1 ,1)(|p|2 = 1)
OPV,(Γ,r,n)=(T
+
1 ,1,1)(|p|2 = 1) =P [ex]Vx [−ex] + P [−ex]Vx [ex]
OPV,(Γ,r,n)=(T
+












1 ,2,1)(|p|2 = 1)
+OPV,(Γ,r,n)=(T
+
1 ,1,2)(|p|2 = 1)− iOPV,(Γ,r,n)=(T
+




2 = 1) =OPV,(Γ,r,n)=(T
+
1 ,1,1)(|p|2 = 1)− i OPV,(Γ,r,n)=(T
+









1 ,2,2)(|p|2 = 1)
OPV,(Γ,r)=(T
−




2 = 1) =OPV,(Γ,r)=(T
−
1 ,1)(|p|2 = 1) + i OPV,(Γ,r)=(T
−
1 ,2)(|p|2 = 1)
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H.3. V V operators
OPV,(Γ,r)=(T
+




2 = 1) =−OPV,(Γ,r)=(T
+
2 ,1)(|p|2 = 1) + i OPV,(Γ,r)=(T
+
2 ,2)(|p|2 = 1)
OPV,(Γ,r)=(T
−




2 = 1) =i OPV,(Γ,r)=(T
+
2 ,1)(|p|2 = 1)−OPV,(Γ,r)=(T
+
2 ,2)(|p|2 = 1)
OPV,(Γ,r)=(E




2 = 1) =OPV,(Γ,r)=(E
−,1)(|p|2 = 1)
H.3 V V operators
H.3.1 |p|2 = 0
OV V,(Γ,r)=(A
+




2 = 0) =OV V,(Γ,r)=(A
+
1 ,1)(|p|2 = 0)
OV V,(Γ,r)=(T
+




2 = 0) =− i OV V,(Γ,r)=(T
+









2 = 0) =− i OV V,(Γ,r)=(T
+








2 = 0) =OV V,(Γ,r)=(E
+,1)(|p|2 = 0)
H.3.2 |p|2 = 1
OV V,(Γ,r,n)=(A
+
1 ,1,1)(|p|2 = 1) =V1,x [ey]V2,x [−ey] + V1,x [−ey]V2,x [ey] + V1,x [ez]V2,x [−ez] +
+V1,x [−ez]V2,x [ez] + V1,y [ex]V2,y [−ex] + V1,y [−ex]V2,y [ex] +
+V1,y [ez]V2,y [−ez] + V1,y [−ez]V2,y [ez] + V1,z [ex]V2,z [−ex] +
+V1,z [−ex]V2,z [ex] + V1,z [ey]V2,z [−ey] + V1,z [−ey]V2,z [ey]
OV V,(Γ,r,n)=(A
+
1 ,1,2)(|p|2 = 1) =V1,x [ex]V2,x [−ex] + V1,x [−ex]V2,x [ex] + V1,y [ey]V2,y [−ey] +








1 ,1,1)(|p|2 = 1) +OV V,(Γ,r,n)=(A
+




2 = 1) =OV V,(Γ,r,n)=(A
+




1 ,1,2)(|p|2 = 1)
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OV V,(Γ,r)=(A
−
1 ,1)(|p|2 = 1) =V1,z [ey]V2,x [−ey]− V1,z [−ey]V2,x [ey]− V1,y [ez]V2,x [−ez] +
+V1,y [−ez]V2,x [ez]− V1,z [ex]V2,y [−ex] + V1,z [−ex]V2,y [ex] +
+V1,x [ez]V2,y [−ez]− V1,x [−ez]V2,y [ez] + V1,y [ex]V2,z [−ex]−




2 = 1) =OV V,(Γ,r)=(A
−
1 ,1)(|p|2 = 1)
OV V,(Γ,r)=(A
+
2 ,1)(|p|2 = 1) =− V1,x [ey]V2,x [−ey]− V1,x [−ey]V2,x [ey] + V1,x [ez]V2,x [−ez] +
+V1,x [−ez]V2,x [ez] + V1,y [ex]V2,y [−ex] + V1,y [−ex]V2,y [ex]−
−V1,y [ez]V2,y [−ez]− V1,y [−ez]V2,y [ez]− V1,z [ex]V2,z [−ex]−




2 = 1) =OV V,(Γ,r)=(A
+
2 ,1)(|p|2 = 1)
OV V,(Γ,r)=(A
−
2 ,1)(|p|2 = 1) =V1,z [ey]V2,x [−ey]− V1,z [−ey]V2,x [ey] + V1,y [ez]V2,x [−ez]−
−V1,y [−ez]V2,x [ez] + V1,z [ex]V2,y [−ex]− V1,z [−ex]V2,y [ex] +
+V1,x [ez]V2,y [−ez]− V1,x [−ez]V2,y [ez] + V1,y [ex]V2,z [−ex]−




2 = 1) =OV V,(Γ,r)=(A
−
2 ,1)(|p|2 = 1)
OV V,(Γ,r,n)=(T
+













2 = 1) =− i OV V,(Γ,r,n)=(T
+
1 ,1,1)(|p|2 = 1) + OV V,(Γ,r,n)=(T
+
1 ,2,1)(|p|2 = 1)−
− i OV V,(Γ,r,n)=(T
+
1 ,1,2)(|p|2 = 1) + OV V,(Γ,r,n)=(T
+
1 ,2,2)(|p|2 = 1)−
− i OV V,(Γ,r,n)=(T
+
1 ,1,3)(|p|2 = 1) + OV V,(Γ,r,n)=(T
+




2 = 1) =− i OV V,(Γ,r,n)=(T
+
1 ,1,1)(|p|2 = 1) + OV V,(Γ,r,n)=(T
+
1 ,2,1)(|p|2 = 1)−
− i OV V,(Γ,r,n)=(T
+
1 ,1,2)(|p|2 = 1)− 2 OV V,(Γ,r,n)=(T
+
1 ,2,2)(|p|2 = 1)+
+ 2i OV V,(Γ,r,n)=(T
+
1 ,1,3)(|p|2 = 1) + OV V,(Γ,r,n)=(T
+




2 = 1) =− i OV V,(Γ,r,n)=(T
+
1 ,1,1)(|p|2 = 1) + OV V,(Γ,r,n)=(T
+
1 ,2,1)(|p|2 = 1)
+ i OV V,(Γ,r,n)=(T
+
1 ,1,2)(|p|2 = 1)− OV V,(Γ,r,n)=(T
+
1 ,2,3)(|p|2 = 1)
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H.3. V V operators
OV V,(Γ,r,n)=(T
−
1 ,1,1)(|p|2 = 1) =V1,x [ex]V2,x [−ex]− V1,x [−ex]V2,x [ex]
OV V,(Γ,r,n)=(T
−













2 = 1) =− OV V,(Γ,r,n)=(T
−









1 ,1,4)(|p|2 = 1) + i OV V,(Γ,r,n)=(T
−




2 = 1) =− OV V,(Γ,r,n)=(T
−
1 ,1,2)(|p|2 = 1)− i OV V,(Γ,r,n)=(T
−
1 ,2,2)(|p|2 = 1)
+ OV V,(Γ,r,n)=(T
−
1 ,1,3)(|p|2 = 1) + i OV V,(Γ,r,n)=(T
−








1 ,1,1)(|p|2 = 1)− i OV V,(Γ,r,n)=(T
−


















1 ,2,3)(|p|2 = 1)
+ i OV V,(Γ,r,n)=(T
−












1 ,1,1)(|p|2 = 1) + i OV V,(Γ,r,n)=(T
−
1 ,2,1)(|p|2 = 1)
− OV V,(Γ,r,n)=(T
−
1 ,1,2)(|p|2 = 1) + i OV V,(Γ,r,n)=(T
−
1 ,2,2)(|p|2 = 1)
− OV V,(Γ,r,n)=(T
−
1 ,1,3)(|p|2 = 1) + i OV V,(Γ,r,n)=(T
−
1 ,2,3)(|p|2 = 1)
− OV V,(Γ,r,n)=(T
−




1 ,2,4)(|p|2 = 1)
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OV V,(Γ,r,n)=(T
+













2 = 1) =i OV V,(Γ,r,n)=(T
+
2 ,1,1)(|p|2 = 1)− OV V,(Γ,r,n)=(T
+
2 ,2,1)(|p|2 = 1)
− i OV V,(Γ,r,n)=(T
+
2 ,1,2)(|p|2 = 1) + OV V,(Γ,r,n)=(T
+




2 = 1) =− i OV V,(Γ,r,n)=(T
+
2 ,1,1)(|p|2 = 1) + OV V,(Γ,r,n)=(T
+
2 ,2,1)(|p|2 = 1)
− i OV V,(Γ,r,n)=(T
+
2 ,1,2)(|p|2 = 1) + OV V,(Γ,r,n)=(T
+
2 ,2,2)(|p|2 = 1)
− i OV V,(Γ,r,n)=(T
+
2 ,1,3)(|p|2 = 1) + OV V,(Γ,r,n)=(T
+




2 = 1) =i OV V,(Γ,r,n)=(T
+
2 ,1,1)(|p|2 = 1)− OV V,(Γ,r,n)=(T
+
2 ,2,1)(|p|2 = 1)
+ i OV V,(Γ,r,n)=(T
+
2 ,1,2)(|p|2 = 1) + 2 OV V,(Γ,r,n)=(T
+
2 ,2,2)(|p|2 = 1)
− 2i OV V,(Γ,r,n)=(T
+
2 ,1,3)(|p|2 = 1)− OV V,(Γ,r,n)=(T
+
2 ,2,3)(|p|2 = 1)
OV V,(Γ,r,n)=(T
−













2 = 1) =− OV V,(Γ,r,n)=(T
−
2 ,1,1)(|p|2 = 1) + OV V,(Γ,r,n)=(T
−
2 ,2,1)(|p|2 = 1)
− i OV V,(Γ,r,n)=(T
−
2 ,2,2)(|p|2 = 1) + i OV V,(Γ,r,n)=(T
−




2 = 1) =OV V,(Γ,r,n)=(T
−
2 ,1,1)(|p|2 = 1) + 2i OV V,(Γ,r,n)=(T
−
2 ,2,1)(|p|2 = 1)
+ OV V,(Γ,r,n)=(T
−
2 ,1,2)(|p|2 = 1)− i OV V,(Γ,r,n)=(T
−
2 ,2,2)(|p|2 = 1)
− 2 OV V,(Γ,r,n)=(T
−
2 ,1,3)(|p|2 = 1)− i OV V,(Γ,r,n)=(T
−




2 = 1) =− OV V,(Γ,r,n)=(T
−
2 ,1,1)(|p|2 = 1) + i OV V,(Γ,r,n)=(T
−
2 ,2,1)(|p|2 = 1)
− OV V,(Γ,r,n)=(T
−
2 ,1,2)(|p|2 = 1) + i OV V,(Γ,r,n)=(T
−
2 ,2,2)(|p|2 = 1)
− OV V,(Γ,r,n)=(T
−
2 ,1,3)(|p|2 = 1) + i OV V,(Γ,r,n)=(T
−




+,1,1)(|p|2 = 1) =V1,x [ey]V2,x [−ey] + V1,x [−ey]V2,x [ey]− 2V1,x [ez]V2,x [−ez]−
−2V1,x [−ez]V2,x [ez] + V1,y [ex]V2,y [−ex] + V1,y [−ex]V2,y [ex]−
−2V1,y [ez]V2,y [−ez]− 2V1,y [−ez]V2,y [ez] + V1,z [ex]V2,z [−ex] +
+V1,z [−ex]V2,z [ex] + V1,z [ey]V2,z [−ey] + V1,z [−ey]V2,z [ey]
OV V,(Γ,r,n)=(E
+,1,2)(|p|2 = 1) =V1,x [ey]V2,x [−ey] + V1,x [−ey]V2,x [ey] + V1,y [ex]V2,y [−ex] +
+V1,y [−ex]V2,y [ex]− V1,z [ex]V2,z [−ex]− V1,z [−ex]V2,z [ex]−
−V1,z [ey]V2,z [−ey]− V1,z [−ey]V2,z [ey]
OV V,(Γ,r,n)=(E
+,1,3)(|p|2 = 1) =V1,x [ex]V2,x [−ex] + V1,x [−ex]V2,x [ex] + V1,y [ey]V2,y [−ey] +




2 = 1) =
√
2 OV V,(Γ,r,n)=(E




2 = 1) =OV V,(Γ,r,n)=(E




















−,1,1)(|p|2 = 1) =− V1,z [ey]V2,x [−ey] + V1,z [−ey]V2,x [ey]− 2V1,y [ez]V2,x [−ez] +
+2V1,y [−ez]V2,x [ez] + V1,z [ex]V2,y [−ex]− V1,z [−ex]V2,y [ex] +
+2V1,x [ez]V2,y [−ez]− 2V1,x [−ez]V2,y [ez]− V1,y [ex]V2,z [−ex] +
+V1,y [−ex]V2,z [ex] + V1,x [ey]V2,z [−ey]− V1,x [−ey]V2,z [ey]
OV V,(Γ,r,n)=(E
−,1,2)(|p|2 = 1) =V1,z [ey]V2,x [−ey]− V1,z [−ey]V2,x [ey]− V1,z [ex]V2,y [−ex] +
+V1,z [−ex]V2,y [ex]− V1,y [ex]V2,z [−ex] + V1,y [−ex]V2,z [ex] +









2 = 1) =OV V,(Γ,r,n)=(E
−,1,2)(|p|2 = 1)
H.4 PN operators
H.4.1 |p|2 = 0
OPN,(Γ,r)=(G
−










(|p|2 = 0) =OPN,(Γ,r)=(G
−
1 ,1)(|p|2 = 0)
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H.4.2 |p|2 = 1
OPN,(Γ,r)=(G
−
1 ,1)(|p|2 = 1) =P [ex]N 1
2
[−ex] + P [−ex]N 1
2





[ey] + P [ez]N 1
2










(|p|2 = 1) =OPN,(Γ,r)=(G
−
1 ,1)(|p|2 = 1)
OPN,(Γ,r)=(G
+
1 ,1)(|p|2 = 1) =− P [ex]N− 1
2
[−ex] + P [−ex]N− 1
2





[ey]− P [ez]N 1
2










(|p|2 = 1) =OPN,(Γ,r)=(G
+
1 ,1)(|p|2 = 1)
OPN,(Γ,r)=(H
−,1)(|p|2 = 1) =− P [ex]N− 1
2
[−ex]− P [−ex]N− 1
2













(|p|2 = 1) =OPN,(Γ,r)=(H−,1)(|p|2 = 1)
OPN,(Γ,r)=(H
+,1)(|p|2 = 1) =P [ex]N 1
2
[−ex]− P [−ex]N 1
2













(|p|2 = 1) =OPN,(Γ,r)=(H+,1)(|p|2 = 1)
H.5 V N operators
H.5.1 |p|2 = 0
OV N,(Γ,r)=(G
−
1 ,1)(|p|2 = 0) =N− 1
2










(|p|2 = 0) =OV N,(Γ,r)=(G
−
1 ,1)(|p|2 = 0)
OV N,(Γ,r)=(H










(|p|2 = 0) =OV N,(Γ,r)=(H−,1)(|p|2 = 0)
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H.5. V N operators
H.5.2 |p|2 = 1
OV N,(Γ,r,n)=(G
−
1 ,1,1)(|p|2 = 1) =N− 1
2





[−ez]Vx [ez]− iN− 1
2




















1 ,1,2)(|p|2 = 1) =N− 1
2
[ex]Vx [−ex] +N− 1
2





[−ey]Vy [ey] +N 1
2














1 ,1,1)(|p|2 = 1) +OV N,(Γ,r,n)=(G
−








(|p|2 = 1) =OV N,(Γ,r,n)=(G
−




1 ,1,2)(|p|2 = 1)
OV N,(Γ,r,n)=(G
+






















































1 ,1,1)(|p|2 = 1) +OV N,(Γ,r,n)=(G
+








(|p|2 = 1) =iOV N,(Γ,r,n)=(G
+




1 ,1,2)(|p|2 = 1)
OV N,(Γ,r)=(G
−







[−ez]Vx [ez]− iN− 1
2

























(|p|2 = 1) =OV N,(Γ,r)=(G
−
2 ,1)(|p|2 = 1)
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OV N,(Γ,r)=(G
+


































(|p|2 = 1) =OV N,(Γ,r)=(G
+
2 ,1)(|p|2 = 1)
OV N,(Γ,r,n)=(H
−,1,1)(|p|2 = 1) =N 1
2





[−ez]Vx [ez]− iN 1
2



















−,1,2)(|p|2 = 1) =N 1
2
[ey]Vx [−ey] +N 1
2





[−ex]Vy [ex] +N− 1
2









−,1,3)(|p|2 = 1) =N 1
2


















(|p|2 = 1) =−
√
2 OV N,(Γ,r,n)=(H








































































[−ex]Vy [ex] + iN 1
2


























(|p|2 = 1) =− i
√
2 OV N,(Γ,r,n)=(H

































H.6.1 |p|2 = 0
ONN,(Γ,r)=(A
+












2 = 0) =ONN,(Γ,r)=(A
+
1 ,1)(|p|2 = 0)
ONN,(Γ,r)=(T
+
















1 ,2)(|p|2 = 0)
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H.6.2 |p|2 = 1
ONN,(Γ,r)=(A
+























































2 = 1) =ONN,(Γ,r)=(A
+
1 ,1)(|p|2 = 1)
ONN,(Γ,r)=(A
−























































2 = 1) =ONN,(Γ,r)=(A
−
1 ,1)(|p|2 = 1)
ONN,(Γ,r,n)=(T
+


































































1 ,2,1)(|p|2 = 1)
− ONN,(Γ,r,n)=(T
+
1 ,1,2)(|p|2 = 1)− ONN,(Γ,r,n)=(T
+




2 = 1) =− ONN,(Γ,r,n)=(T
+
1 ,1,1)(|p|2 = 1)− ONN,(Γ,r,n)=(T
+








































































2 = 1) = ONN,(Γ,r,n)=(T
−
1 ,1,2)(|p|2 = 1)− i ONN,(Γ,r,n)=(T
−




2 = 1) =ONN,(Γ,r,n)=(T
−
1 ,2,1)(|p|2 = 1) + ONN,(Γ,r,n)=(T
−
1 ,1,2)(|p|2 = 1)
ONN,(Γ,r)=(T
+






































2 = 1) =ONN,(Γ,r)=(T
+
2 ,1)(|p|2 = 1) + ONN,(Γ,r)=(T
+
2 ,2)(|p|2 = 1)
ONN,(Γ,r)=(T
−






































2 = 1) =ONN,(Γ,r)=(T
−
2 ,1)(|p|2 = 1) + ONN,(Γ,r)=(T
−
2 ,2)(|p|2 = 1)
ONN,(Γ,r)=(E























































2 = 1) =ONN,(Γ,r)=(E
+,1)(|p|2 = 1)
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ONN,(Γ,r)=(E



























































Derivations related to the Lüscher
equation
I.1 Division of two hadron loop into the innite and
nite volume contribution










(k2 −m2 + iϵ)((P − k)2 −m2 + iϵ)
, k = (k0,k) (I.1)
where P is four-vector. Function f(k0,k) is dened as f(k) = z(k)z(k′) = z(k)z(P−
k), where dressing function z(k) is listed in main text (5.8). For us P tot = 0 (P =






















(k20 − k2 −m21)((E − k0)2 − k2 −m22)
. (I.2)
One uses Cauchy residue theorem and gets decomposition of G to






2ω1((E − ω1)2 − ω22)
+
f(ω2,k)
2ω2((E + ω2)2 − ω21)
)
, (I.3)
with new variables ω21 = k
2 + m21 and ω
2
2 = k
2 + m22. One is interested in the
singularities which carry informations on nite volume corrections and can be found







2ω1((E − ω1)2 − ω22)
(I.4)




2 +m21 and ω
2
2 = k
2 +m22. Function f is from here forward written as f(k)
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instead of f(ωi,k) as technically ω is a function of k and therefore only independent
variable in f is k. With use of denitions for energy E, ω1 and ω2 one can rewrite
G1 in following form
G1(q











For simplicity we dene new function
























4πYlm(ϑ, φ), k = (k = |k|, ϑ, φ). (I.7)
























Poisson summation formula will be used for the evaluation of G1(q).















eiL l·k g(k), (I.10)
where k = 2π
L
n with n = (n1, n2, n3), l = (l1, l2, l3) and ni, li ∈ N. In the following,
we consider functions g whose Fourier transforms, g̃(r) , are non-singular, and are
either contained in a nite spatial region or decrease exponentially as |r| → ∞. If
we apply the Poisson summation formula to such functions, the terms with l ̸= 0 on











up to corrections that are at most exponentially small.
Eq. (I.11) should be applied to (I.9), where g(k) is substituted with hlm(k)
q2−k2 k
lYlm(ϑ, φ).
The singularity at k2 = q2 forbides one to use equation I.11 directly on G1,lm (I.9).
154
I.1. Division of two hadron loop into the innite and nite volume
contribution
Kim et.al [49] apply a trick where they subtract a function, h(q)eα(q
2−k2), which can-
cels that pole from summand in equation I.11. With this trick one can interchange
sum with integral over k. Exponential factor eα(q
2−k2) with α > 0 takes care that




















































































































Contributions of the innite volume
G∞1 (q










With use of new functions I.13, I.14 and denitions for h, Ei and ωi (I.6) G1 is
rewritten into two parts
G1(q
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It is independent of particle masses and is equal to GFV derived in equation 5.12.
From equality of functions in 5.12 and I.16 one can determine kinematical function
G needed for determination of Lüscher equation.
































corrections to equation above, indicate q̃ = qL
2π
is dimensionless.
Denition for clm in I.17 is equal to one in I.13 to term which vanish exponentially
with lattice size L. In our approximation these two expressions I.17 and I.13 are
equivalent and can be interchange freely. We note that Zlm is nite for s = 1 when
(l,m) ̸= (0, 0) but it is innite for (l,m) = (0, 0). This can be easily seen if the sum
is rewritten in terms of the integral for large n and this integral is zero for l > 0 due
to rotational symmetry. One has to use Z00(s, q̃2), which is analytically continued
from s > 3/2 to s = 1 and is then nite ([117]). This is then analogous to c00 in
I.17 where innite part gets subtracted.
I.2 Derivation of kinematical function G for spinless
scattering
This appendix shows that when G dened in (5.22) is inserted to the expression
for GFV (5.12,5.14) then one indeed gets desired GFV1 (5.19, I.16). We begin with
relations between GFV and G through F (eq. 5.12,5.14,5.22)
GFV (|q|) =
∫
dΩdΩ′z(q)F(q, q′)z(q′), q = (|q| ,Ω) , q′ = (|q| ,Ω′)





























I.2. Derivation of kinematical function G for spinless scattering











































































































dΩ′′δ (Ω′′ − Ω)Y ∗l,m (Ω′′) δ (Ω′′ − Ω′)
)
.
Product of two z functions was already dened as f in the main text (5.20)
z(q)z(q′)δ (Ω− Ω′) = z(q)z(q) = f (q) .






















dΩ′′δ (Ω′′ − Ω)Y ∗l,m (Ω′′)
)
.






4πYl′m′ (Ω) . (I.22)
With some reorganization G is rewriten in following form
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which is after taking properties of spherical harmonics Ylm into the account equal to

























GFV (I.24 can now be written in form













which can be compared to GFV1 in (I.16)













We prooved that with chosen denition of G indeed leads to GFV1 (I.16).
I.3 Transition from l1,ml1, l2,ml2 basis to J,mJ basis
for S! = 0
Every function F of angular momentum l1, l2 and spin S can be expanded in terms





|l2,ml2 ;S2,mS2⟩ ⟨l2,ml2 ;S2,mS2 |F |l1ml1 ;S1,mS1⟩ ⟨l1ml1 ;S1,mS1| .
(I.25)
One can always add full set of states |J,mJ⟩ to any expansion. We add only one set
because we are interested in one channel approximation in which Jf = Ji and same








|l2,ml2 ;S2,mS2⟩ ⟨l2,ml2 ;S2,mS2|F |l1,ml1 ;S1,mS1⟩ ⟨l1,ml1 ;S1,mS1| .
(I.26)






⟨JmJ |l2,ml2 ;S2,mS2⟩ ⟨l2,ml2 ;S2,mS2|F |l1,ml1 ;S1,mS1⟩ ⟨l1,ml1 ;S1,mS1|JmJ⟩ .
(I.27)
One uses denition of Clebsch-Coecient




I.4. Transition to J,mJ , l, S basis for scattering amplitude and
kinematical function







Fl1,l2,S1,S2 = ⟨l2,ml2 ;S2,mS2|F |l1,ml1 ;S1,mS1⟩








where function F , previously written in basis l,ml (Fl1,l2,S1,S2) is now written in
basis of total angular momentum J and its third component mJ (FJ,mJ ) .
I.4 Transition to J,mJ , l, S basis for scattering am-
plitude and kinematical function
Here longer calculation for transition from one basis l,ml to another J,mJ , l, S for
both quantities in quntization condition (M and G) are given. In transition rotation
using CG coecients (5.32) is used.
I.4.1 Kinematical function G
In generalization of kinematical function G for scattering of particles with spin one
should nd dependence of G (equation 5.3) which was previously l1,m1 → l2,m2
to dependence on J1,mJ1 , S1, l1 → J2,mJ2 , S2, l2. With transition (5.32) one ex-
pand kinematical function previously in basis of angular momentum l to new basis
depending on total angular momentum J , angular momentum l and spin S. Calcu-
lation is similar to the one for scattering amplitude M. We perform transformation













⟨l2ml2 ;S2mS2 | G(q) |l1ml1 ;S1mS1⟩ .
(I.29)
The kinematical function G was previously dependent only on angular momen-
tum l and therefore had matrix element Gl1ml1
l2ml2
(q) (5.22)
⟨l2ml2 ;S2mS2| G(q) |l1ml1 ;S1mS1⟩ = δS1,S2δmS1 ,mS2Gl1ml1
l2ml2
(q). (I.30)
















Appendix I. Derivations related to the Lüscher equation








































Possible decay channels of the Pc
In table J.1 some of the decay channels allowed under strong interaction for the Pc
are listed.









1 4352 χc0 p
4448 χc1 p





0 4352 χc0 p
4448 χc1 p









0 4034 J/ψ p
4461 D̄∗0 Σ+c
1 4352 χc0 p
4448 χc1 p












0 4448 χc1 p









1 4448 χc1 p







1 4034 J/ψ p
4461 D̄∗0 Σ+c
2 4352 χc0 p
4448 χc1 p
Table J.1: Possible decay channels of Pc for various choices of JP and angular
momentum l ≤ 2.
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Appendix K
Eigen-energies for N − J/ψ and
N − ηc scattering in all irreps of O
(2)
h
Resulting lattice eigen-energies in both Nηc and NJ/ψ channels are presented in
Table K.1 and K.2. Time dependence of the eective energies for all irreducible
representations are shown on the gures K.1 and K.2.
K.1 Results for one-channel approximation in N−ηc
scattering
Eigen-energies for scattering in Nηc channel in one-channel approximation is shown
in Fig. K.1. Values of these eigen-energies are listed in Table K.1.
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Appendix K. Eigen-energies for N − J/ψ and N − ηc scattering in all
irreps of O(2)h
Figure K.1: Time dependence of energies for every irrep separately in scattering of
N [q] ηc[−q] are shown on this picture. Energies calculated with GEVP are colored
dots, dashed lines are non interacting energies N [q] ηc[−q]. Number of observed
states is equal to the number of expected states at each non-interacting energy.
Dierent colors are used just to distinguish dierent states at the same energy.
Fitted energies of the states are listed in the table K.1.
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K.2. Results for one-channel approximation in N − J/ψ scattering
irrep state n Ena σEna
G−1 1 2.183 0.022
2 2.286 0.023
3 2.455 0.027
G+1 1 2.291 0.020
2 2.446 0.026
G−2 1 2.448 0.028
G+2 1 2.452 0.026
irrep state n Ena σEna
H− 1 2.294 0.020
2 2.438 0.015
3 2.456 0.030
H+ 1 2.294 0.020
2 2.450 0.029
3 2.447 0.024
Table K.1: Eigen-energies En and their errors σEn for the Nηc system extracted
from one-exponential correlated ts in t = [7, 10].
K.2 Results for one-channel approximation in N −
J/ψ scattering
Eigen-energies for scattering in NJ/ψ channel in one-channel approximation is
shown in Fig. K.2. Values of these eigen-energies are listed in Table K.2.
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Appendix K. Eigen-energies for N − J/ψ and N − ηc scattering in all
irreps of O(2)h
Figure K.2: Time dependence of energies for every irrep separately in scattering of
NJ/ψ are shown on this picture. Energies calculated with GEVP are colored dots,
dashed lines are non interacting energies NJ/ψ. Number of observed states is equal
to the number of expected states at each non-interacting energy. Dierent colors
are used just to distinguish dierent states at the same energy. Fitted energies of
the states are listed in the table K.2.
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K.2. Results for one-channel approximation in N − J/ψ scattering
irrep state n Ena σEna



















irrep state n Ena σEna



















Table K.2: Eigen-energies En and their errors σEn for the NJ/ψ system extracted
from one-exponential correlated ts in t = [7, 10].
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irreps of O(2)h
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Raz²irjeni povzetek v slovenskem
jeziku
8.1 Uvod
V Standardnemu Modelu je vsa snov sestavljena iz ²estih kvarkov, ²estih leptonov
in njihovih antidelcev. Teh dvanajst fermionov je razdeljenih v tri druºine. V prvi
druºini sta najlaºja kvarka u in d ter elektron in elektronski nevtrino. arobni (c)
in £udni (s) kvark skupaj z mionom in mionskim nevtrinom tvorita drugo druºino.
Najteºja kvarka t in b ter τ in τ nevtrino tvorijo tretjo druºino. Med fermioni
standardnega modela potekajo tri razli£ne interakcije, ki jo prena²ajo umeritveni
bozoni. Fotoni (γ) so nosilci elektromagnetne interakcije, ki poteka med vsemi delci
razen nevtrinov. Nosilci ²ibke interakcije so bozoni W± ali Z. Gluoni so nosilci
mo£ne interakcije, ki jo opisuje kvantna kromodinamika. Del standardnega modela
je tudi Higgsov bozon, ki preko higgsovega mehanizma poskrbi za maso vseh ostalih
delcev.
Kvantna kromodinamika na mreºi je podro£je zike osnovnih delcev, ki opisuje
mo£no interakcijo ter njene pojave. Kvarki v naravi vedno nastopajo v vezanih
stanjih, saj mo£na interakcija prepoveduje, da bi se pojavljali posami£no. Vezana
stanja kvarkov in gluonov se imenujejo hadroni. Med seboj se razlikujejo po ²tevilu
kvarkov in anti-kvarkov. Hadrone v grobem delimo na mezone in barijone. Obi£ajni
mezoni, ki imajo celo²tevil£en spin, so stanja sestavljena iz enega valen£nega kvarka
in enega valen£nega antikvarka. Obi£ajni barijoni pa so stanja sestavljena iz treh
valen£nih kvarkov in pol-celim spinom. Gell-Mann je ºe leta 1964 ([1]) napovedal,
da obstajajo tudi barijonska stanja, ki vsebujejo ve£ kot tri valen£ne kvarke ter
mezonska stanja ki vsebujejo ve£ kot en par kvarka in anti-kvarka. Med eksoti£nimi
stanji imamo tetrakvarke (qq̄qq̄), pentakvarke (qqqqq̄) ter dibarijone (qqqqqq). Prva
eksperimentalna odkritja eksoti£nih hadronov so se zgodila ²ele v zadnjih desetih
letih, do leta 2015 so imela vsa eksperimentalno odkrita stanja, razen devterona,
mezonska kvantna ²tevila. Leta 2015 pa je LHCb odkril pentakvark Pc z minimalno
okusno sestavo uudcc̄.
Perturbativna QCD deluje pri energijah ve£jih od 1GeV. Pri niºjih energijah per-
turbativni pristop ni ve£ primeren, saj sklopitvena konstanta mo£ne interakcije ni
ve£ veliko manj²a od 1. V takih primerih poseºemo po ne-perturbativnih pristopih,
kot je kvantna kromodinamika na mreºi. Eno izmed podro£ij kvantne kromodi-
namike na mreºi je hadronska spektroskopija, ki med drugim raziskuje hadrone in
hadronske resonance. Kvantno kromodinamiko na mreºi smo za iskanje pentakvarka
Pc uporabili tudi v temu delu.
Ve£ina eksoti£nih hadronov je hadronskih resonanc, ki razpadajo preko mo£ne
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interakcije. Hadronske resonance niso lastna stanja QCD. Razpade hadronskih re-
sonanc simuliramo kot sipanje dveh hadronov
H1 +H2 → R → H1 +H2.
Sipalno amplitudo M za sipanje dveh hadronov izra£unamo z Lüscherjevo ena£bo
iz energijskega spektra, ki smo ga izra£unali na mreºi
det[1 +M(E)G(E)] = 0,
kjer je G(E) kinemati£na funkcija znana iz literature. Iz sipalne amplitude M(E) ∝
e2iδ(E) izra£unamo fazni premik δ(E). Iz faznega premika lahko dolo£imo ²irino Γ(E)









Mnoge resonance razpadajo v kanalih kjer en ali oba hadrona nosita spin. Za kre-
iranje tak²nih resonance potrebujemo operatorje za sipanje delcev s spinom. Ope-
ratorje lahko izra£unamo glede na lastnosti nerazcepnih upodobitev oktahedralne
grupe (Projekcijska metoda) ali glede na lastnosti sipanih hadronov (metoda parci-
alnih valov in metoda vija£nosti). Metoda parcialnih valov poda operator s znanimi
kontinuumskimi kvantnimi ²tevili (J, l, S). Operator izra£unan z metodo vija£nosti
je odvisen od vija£nosti obeh sipanih hadronov ter njune skupne vrtilne koli£ine
J . Preden uporabimo operatorje za parcialne valove ali vija£nost v simulacijah, jih
projeciramo na ustrezno nerazcepno upodobitev. V tekstu spodaj je opisano kako
so operatorji izra£unani z razli£nimi metodami ter kako jih projeciramo na izbrano
nerazcepno upodobitev.
Leta 2015 je eksperiment LHCb ([2, 3]) v spektru invariantne mase za sipanje me-
zona J/ψ in nukleona odkril dve pentakvarkovski stanji pri energijahM = 4380 MeV
inM = 4450 MeV. Stanji imata minimalno okusno sestavo uudcc̄. Isti eksperiment
je leta 2019 ugotovil ([74]), da je teºje pentakvarkovsko stanje v resnici sestavljeno
iz dveh stanj z masama M3 = 4440.3± 0.7 MeV in M4 = 4457.3± 0.6 MeV. V isti
analizi so na²li ²e dodatno stanje pri masi M1 = 4311.8± 0.7 MeV. Novej²a analiza
ve£jega seta podatkov iz leta 2019 se je osredoto£ila le na ozka stanja iz zato ni ponu-
dila nobenih informacij o stanju z masoM2 = 4380±8 MeV. Dognanja kolaboracije
LHCb je potrdila tudi kolaboracija D0 z analizo starih podatkov iz pospe²evalnika
Tevatron ([5]). Eksperiment GlueX ([6]) je iskal Pc v fotoprodukcijskemu kanalu
γ + p → Pc → J/ψ + p. Pentakvarkovskega stanja niso opazili. Dolo£ili so zgornjo
mejo za sklopitev Pc s kanalom J/ψ + p.
Mo£na interakcija dovoljuje razpad Pc v proton in £armonij (cc̄ mezon) ali drugo
kombinacijo £arobnega mezona (c̄q) in £arobnega barijona (cqq). Trenutno je naj²ir²e
sprejeta razlaga, da je Pc najverjetneje vezano stanje D̄(∗) mezona (c̄u) in £arobnega
barijona Σc (cud). Vsa novoodkrita Pc stanja najdemo blizu praga teh delcev. Pc
je bil opaºen le v invariantnemu masnemu spektru za kanal J/ψ − N zato smo se
odlo£ili za iskanje pentakvarka v temu kanalu. Kot prvi smo napravili simulacijo pri
energijah, ki obsegajo energijsko podro£je pentakvarkov (4.1− 4.5GeV).
8.2 Kvantna kromodinamika na mreºi
Kvantna krodinamika se ukvarja z vezanimi stanji kvarkov ψ in gluonov Aµ. Kvarki
so masivni delci, ki jih opi²emo z Diracovimi spinorji ψ(o)αfi(x). Spinorji nosijo infor-
macijo o okusu ((o) = u, d, s, c, t, b), poziciji v prostor £asu (x = (x0,x)), Diracovemu
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Njihovo obna²anje opisuje Lagrangeova funkcija za QCD. Akcija (S) je inte-
gral QCD Langranºeve funkcije po celotnemu 4 dimenzionalnemu (Evklidskemu)
prostoru. Kvantno kromodinamsko akcijo S (8.1) lahko razdelimo na del, ki opi²e
fermione (SF [ψ, ψ̄, A]) ter del, ki opi²e obna²anje gluonov (SG[A])


















S[ψ, ψ̄, A] = SF [ψ, ψ̄, A] + SG[A].
Sklopitvena konstanta αs za energije pod 1 GeV ni veliko manj²a od 1, zato
nizko energijskih lastnosti hadronov (form faktorji, hadronske mase, ...) ne mo-
remo dolo£iti s perturbativnim razvojem. Ta problem re²imo z uporabo kvantne
kromodinamike na mreºi (LQCD). Zvezen 4D prostor transformiramo v diskretno
4−dimenzionalno mreºo v Evklidskemu prostoru. Vsaka mreºna to£ka n ima tri
prostorske in eno £asovno koordinato. Fizi£na to£ka v prostoru x = n a je produkt
med mreºno to£ko n ter mreºno razdaljo a. Kvarki ψ(m) leºijo v to£kah mreºe
(rde£e pike na sliki 8.1) in nosijo enaka kvantna ²tevila kot v kontinuumu. Kvarki so
povezani s povezljivkami Uµ(m) = eiaAµ(m) (modra pu²£ica na sliki 8.1), ki so 3× 3
kompleksne matrike, ki opisujejo delovanje gluonov Aµ.
Slika 8.1: Kvarki ψ (rde£e pike) so v vogalih mreºe in so povezani z gluoni Aµ (modre
pu²£ice). Mreºna razdalja a (vijola £rta) je razdalja med dvema to£kama mreºe.
8.2.1 Diskretizacija akcije
Akcijo (Ena£ba 8.1) lahko diskretiziramo po delih. Odvod ∂µ(x)ψ(x) nadomestimo
z razliko spinorjev deljeno z 2a. Umeritveno polje Aµ pa nadomestimo s povezljivko
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Uµ(m) = e
iaAµ(m), ki povezuje mreºni to£ki m in m + µ. Fermionska akcija je
bilinearna za ψ in ψ̄ zato jo lahko zapi²emo kot


























V prostoru gibalne koli£ine1 se v Diracovemu operatorju za prost fermion pojavijo
nezikalni poli pri vrednostih gibalne koli£ine p = (π
a
, 0, 0, 0), (0, π
a









To teºavo re²imo z dodatkom Wilsonovega £lena 1 1
a
∑4
µ=1(1− cos(pµa)). V koordi-












Umeritvena akcija SG (eq. 8.1), ki opisuje delovanje gluonov je sestavljena samo
iz zaklju£enih zank povezljivk Uµ = eiaAµ . Najpreprostej²a zaklju£ena zanka je pla-
keta (rjav kvadrat na sliki 8.1), ki je produkt ²tirih povezljivk
Uµν(n) = Uµ(n)Uν(n+ µ̂)U−µ(n+ µ̂+ ν̂)U−ν(n+ ν̂). (8.5)








Re Tr[1− Uµν(n)]. (8.6)
Na mreºi pogosto govorimo o sklopitveni konstanti β, ki je s konstanto g povezana
kot β ≡ 6
g2
. V limiti majhne mreºne razdalje, ko gre a → 0, lahko razvijemo pove-
zljivko Uµ za majhen a. Plaketa Uµν tedaj postane Uµν(n) + exp ia2Fµν(n) +O(a3).










8.2.2 Evklidski korelator in popotni integral






D[ψ, ψ̄]D[U ]e−SF [ψ,ψ̄,U ]−SG[U ]Oi[ψ, ψ̄, U ]Oj[ψ, ψ̄, U ],
kjer je particijska funkcija Z =
∫




















1Fourirerjeva transformacija D̃(p|q) = 1|Λ|
∑
n,m∈Λ e
−ip naD(n|m)eiq ma opi²e transformacijo iz
koordinatnega prostora v prostor gibalne koli£ine.
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Popotni integral je integral po produktu vseh kvarkovskih komponent D[ψ, ψ̄]





D[U ]e−SG[U ] det[D] C z (8.10)
det[D] =
∫





D[ψ, ψ̄]e−SF [ψ,ψ̄,U ]Oi[ψ, ψ̄, U ]Oj[ψ, ψ̄, U ]. (8.12)
Fermionsko determinanto det[D] lahko interpretiramo kot zaklju£eno fermionsko
zanko.
C je fermionska korelacijska funkcija, ki jo izra£unamo iz eno- ali dvo-hadronskih
operatorjev na mreºi. Produkt dveh operatorjev Oi in Oj zapi²emo kot produkt












sign(P )(D−1)(o)1 (o′)P1 ...(D
−1)(o)n (o′)Pn ,
kjer je D−1(o)i kvarkovski propagator z okusom (o)i.
S pomo£jo eno- ali dvo-hadronskih operatorjev dolo£imo evklidsko korelacijsko
funkcijo C (8.14)




Evklidski korelator je enak popotnemu integralu (eq. 8.8) in je glavno orodje v
kvantni kromodinamiki na mreºi. Ob £asu 0 (oznaka src) operator Ōi(0) ustvari
delec, ki ga ob £asu t (oznaka snk) anihilira operator Oj(t). Med oba operatorja
lahko vstavimo popoln set lastnih stanj
∑
n |n⟩ ⟨n| ter s tem dobimo spektralno de-
kompozicijo korelatorja, ki dolo£i lastne energije sistema En. Preden bolj podrobno
opi²emo postopek za izra£un lastnih energij bom na kratko opisala eno-hadronskih
operatorje.
8.3 Hadron na mreºi in korelacijska funkcija
Hadronski interpolatorji (H, H̄) morajo ustrezati operatorjem Hilbertovega prostora
(Ĥ, Ĥ†), ki ustvarijo in anihilirajo to£no dolo£ena hadronska stanja. Interpolatorji
vsebujejo razli£ne kombinacije kvarkov, antikvarkov in gama matrik. Valen£ni kvarki
in anti-kvarki dolo£ijo okusno sestavo, medtem ko kombinacija gama matrik dolo£i
vrtilno koli£ino ter parnost hadrona (tabela 8.1). V simulacijah uporabljamo gamma
matrike v kiralni upodobitvi Evklidskega prostora.
Kvarki nosijo barvo, antikvarki pa anti-barvo. Interpolatorji so skonstruirani
tako, da tvorijo brezbarvne hadrone. V drugemu delu teze smo preu£evali sipanje
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Tabela 8.1: Kombinacije γ matrik v hadronskih operatorjih, ki denirajo hadrone
z razli£nimi spini JP .Na levi imamo podane kombinacije za mezone, na desni pa za
barijone. Parnost pri barijonih je dolo£ena s projektorjem P± = 12(1 + γ4) in ne
direktno s kombinacijo Γ.
nukleona (N) z mezonom J/ψ (V ) ter mezonom ηc (P ), zato bodo operatorji za te
hadrone posebej zapisani.
V hadronski spektroskopiji nas zanima korelacijska funkcija za hadron, ki ga
ustvari operator H̄h(m) na to£ki m v prostor £asu, ter ga anihilira operator Hh(n)
na to£ki n v prostor £asu. Na temu mestu je lahko h ali meson (h =M) ali barijon
(h = B). Obi£ajen mezon vsebuje en valen£ni kvark in en valen£ni anti-kvark.
Kombinacija Γ dolo£i spin in parnost (JPC). Mezon M je brezbarven v primeru, ko
nosi kvark ψ barvo f1 in antikvark ψ̄ anti barvo f̄1. Obi£ajni barijoni B vsebujejo tri
valen£ne kvarke. Kombinacija popolnoma antisimetri£nega tenzorja ϵf1f2f3 in vsote
po vseh treh barvah
∑
f1,f2,f3
zagotovi, da je barijon barvni singlet. Barijoni so
fermioni in zato imajo en zunanji Diracov indeks ozna£en z gr²ko £rko µ, ki ozna£uje
spin barijona. V Diracovi upodobitvi evklidskega prostora pomeni µ = 1 spin gor
(mS = 12) v mirovanju, µ = 2 pomeni spin dol (mS = −
1
2
) v mirovanju. Diracova
indeksa na izvoru in ponoru (µsnk in µsrc) se morata v barijonski korelacijski funkciji








kjer je γ4Γ†γ4 = ±Γ in ψ̄ = ψ†γ4. (8.15)
Korelacijska funkcija za tak hadron je enaka Feynmanovemu popotnemu integralu




D[U ]D[ψ, ψ̄]e−S[U,ψ,ψ̄]Hh[U, ψ, ψ̄, n]H̄h[U, ψ, ψ̄,m].
(8.16)
V splo²nem nas zanima energijski spekter hadrona, ki ga izra£unamo za razli£ne
vrednosti momenta p. Za tak²en izra£un potrebujemo hadronski operator, ki so
funkcija gibalne koli£ine p. Izra£unamo jih s Fourierjevo transformacijo operatorja
Hh(n) (n = (n, nt))






−ianp, h ∈ {M,B}. (8.17)
Prostorske komponente vektorja n so n ∈ Λ = {n = (n1, n2, n3)|ni = 0, 1, ...N − 1},
kjer je Λ prostorska mreºa. To£ka v prostoru x je glede na mreºo denirana kot
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x = n a. Za gibalno koli£ino p, kjer je pi = 2πkiaN , ki = −
N
2
+ 1, ..., N
2
so hadronski






















and Vms=0(p) = Vz(p)





Projekcija spina v mirovnemu sistemu hadronams je dobro kvantno ²tevilo za sistem
v mirovanju (|p| = 0), za sistem kjer |p| ≠ 0 pa projekcija spina ni ve£ dobro kvantno
²tevilo. V nadaljevanju bomo uporabljali (razen kjer je izrecno navedeno) hadrone
v bazi ms (VmS=±1,0, NmS=± 12 ), uporabili bomo linearne kombinacije, ki so navedene
zgoraj.
Eno-hadronski operatorji Hh(p) morajo imeti to£no dolo£ene lastnosti glede
na rotacijo R in inverzijo prostora I, da jih lahko uporabimo v dvo-hadronskih
Hh1(p)Hh2(−p) operatorjih za sipanje. Stanje oz. kreacijski operator s spinom s in














(Rp) , IH†h,ms(p)I = (−1)
PH†h,ms(−p) .
Lastnosti anihilacijskega operatorja lahko izpeljemo iz zgornje ena£be (8.19), kjer
upo²tevamo lastnost Wignerjevih D matrik in rotacij R
D(R) = D†(R†) , R† = R−1 , D(R1R2) = D(R1)D(R2) . (8.20)
V na²ih izra£unih smo uporabili vektorsko polje V (JP = 1−), psevdo-skalarno polje
P (JP = 0−) in nukleonsko polje N (JP = 1
2
+). Vsa tri polja se res transformirajo
glede na zahteve v ena£bi (8.19) in bodo glavni gradniki dvo-hadronskih operatorjev.
8.3.1 Distilacija
Korelacijska funkcija za dvo-hadronske operatorje je linearna kombinacija korela-
cijskih funkcij za eno-hadronske operatore. Za natan£en izra£un eno-hadronskih
korelacijskih funkcij, potrebujemo vrednost C (8.16) ko m in n zajameta vse to£ke
na mreºi. To u£inkovito izra£unamo s postopkom, ki se imenuje distilacija.
Distilacija ([20]) omogo£a ra£unanje propagatorjev iz vseh to£k prostora v vse
to£ke prostora, ki jih potrebujemo za dolo£itev korelacijske funkcije. Kvarkovska
polja niso ve£ to£kasta, ampak so zamazana po barvi in prostoru. Za zamazanje
uporabimo Nv = 96 najniºjih lastnih vektorjev Laplacovega operatorja. Name-
sto kvarkovskih propagatorjev iz vsake to£ke v vsaku, v distilaciji vse izrazimo s
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tako-imenovanimi perambulatorji (τ): ti predstavljajo propagatorje iz vsakega la-
stnega vektorja Laplacovega operatorja v vsak lastni vektor tega operatorja. Glavna
prednost distilacije je, da £asovno najbolj zahteven del ra£unanja (dolo£itev lastnih
vektorjev) opravimo samo enkrat. Vse ostale koli£ine, ki jih potrebujemo za izra£un
korelacijske funkcije pa lahko izrazimo z njimi.
8.3.2 Lastnosti uporabljene mreºe
Za na²e simulacije smo uporabili mreºo z 281 umeritvenimi konguracijami z Nf = 2
dinami£nimi masno degeneriranimi lahkimi kvarki. Uporabljen ansambel kongu-
racij je generirala Anna Hasenfratz s svojimi kolegi [13, 14]. Za lahke kvarke u/d
so uporabili akcijo Wilson-Clover s csw = 1.0, za teºke kvarke c so uporabili pristop
Fermilab (2.4.2). Lastnosti uporabljene mreºe so navedene v tabeli 8.2.
N3S ×NT a[fm] L[fm] Lmπ #cong mπ[MeV] β
163 × 32 0.1239(13) 1.98 2.68 281 266(3) 7.1
Tabela 8.2: Parametri uporabljene mreºe
8.3.3 Dolo£itev lastnih energij sistema iz korelacijskih funkcij
Eno-hadronske korelacijske funkcije smo izra£unali na vseh konguracijah mreºe
ter za vse kombinacije gibalne koli£ine in polarizacije na izvoru (p′, pol′) in ponoru
(p, pol), kjer je bil |p|2 < 2
Chpol,pol′ (p, p
′) = ⟨0|Hhpol(p)H̄hpol′ (p
′)|0⟩. (8.21)
Za dolo£itev eno-hadronskega energijskega spektra potrebujemo eno-hadronske ko-
relacijske funkcije, kjer je gibalna koli£ina in polarizacija na izvoru enaka tisti na
ponoru (p′ = p in pol′ = pol), ostale korelacijske funkcije smo uporabili v ²tudiji
sipanja dveh hadronov o katerih bomo govorili v nadaljevanju.
Vsak hadron h opi²emo z N operatorji, ki nato tvorijo N × N veliko korelacijsko
funkcijo C. Energijski spekter dolo£imo iz korelacijske funkcije z re²evanjem genera-
liziranega problema lastnih vrednosti (GEVP), ki sta ga prva predstavila Lüscher in
Wolf [21]. V GEVP za korelacijsko funkcij C(t) izra£unamo lastne vektorje vn(t, t0)
in pripadajo£e lastne vrednosti λn(t, t0)
C(t)vn(t, t0) = λn(t, t0)C(t0)vn(t, t0) n = 1, ..., N in t > t0, (8.22)
kjer je t0 dolo£en in majhen. Vsako od izra£unanih lastnih vrednosti λn zapi²emo v
obliki
λn(t, t0) ∝ e−tEn [1 +O(e−tδEn)], (8.23)
kjer je En lastna energija n−tega stanja. Efektivne energije lastnega stanja En
izra£unamo iz lastnih vrednosti λn(t, t0)





8.3. Hadron na mreºi in korelacijska funkcija
8.3.4 Rezultati za nukleon ter mezona J/ψ in ηc
V tezi smo generirali podatke za tri eno-hadronske primere, nukleon ter mezona
J/ψ in ηc. Hadrone smo simulirali za tri razli£ne absolutne vrednosti gibalne koli-
£ine |p|2 = 0, 1, 2. Pri mezonih smo za vsako vrednost |p|2 uporabili dva razli£na

















































Tabela 8.3: Eno-hadronski operatorji, ki smo jih uporabili za dolo£itev energijskega
spektra. Vsak mezon smo simulirali s ²estimi operatorji (dva operatorja pri vsaki
vrednosti gibalne koli£ine). Nukleon smo simulirali s 9 operatorji (trije opratorji za
vsako vrednost |p|2). Drugi nukleonski operator smo zaradi za²umljenosti izpustili
iz vseh nadaljnje analize.
Energijski spekter smo izra£unali iz lastnih vrednosti λ, pri £emer smo za pri-
lagajanje uporabili funkcijo z enim eksponentom (A e−B t). Izra£unani spektri so
prikazani na spodnji sliki (Slike 8.2).
hadron |p|2 EH(p)a σEa obmo£je prilagajanja
N 0 0.701 0.013 [6, 9]
1 0.794 0.014 [7, 10]
2 0.903 0.018 [7, 9]
ηc 0 1.472 0.001 [9, 13]
1 1.511 0.001 [10, 13]
2 1.551 0.001 [9, 12]
J/ψ 0 1.539 0.001 [10, 14]
1 1.576 0.001 [10, 14]
2 1.613 0.001 [10, 13]
Tabela 8.4: Energije EH(p) in pripadajo£e napake σE za hadrone pri razli£nih vre-
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Slika 8.2: Energijski spekter za posamezne hadrone. Na spekter so dodane vrednosti
prilagajane funkcije (polna £rta) ter njene napake (obmo£je omejeno s £rtkano £rto).
Vrednosti parametrov prilagajane funkcije ter napak so navedeni v Tabeli 8.4.
Zgoraj predstavljene eno-hadronski energijski spektre smo uporabili za dolo£itev
ne-interagirajo£ih energijskih nivojev pri ²tudiju sipanja, ki bo predstavljena v za-
dnjemu delu tega povzetka. Eno-hadronski spektri za nukleon N ter mezona J/ψ
in ηc za gibalno koli£ino ni£ so bili na enaki mreºi ºe izra£unani ([118],[24]). Na²e
rezultate smo za test primerjali s prej²njimi.
8.4 Operatorji za sipanje dveh hadronov na mreºi
Za raziskovanje interakcij dveh hadronov na mreºi potrebujemo operatorje, ki ustva-
rijo in anihilirajo stanja z ºeljenimi kvantnimi ²tevili. Veliko resonanc razpada v
hadrone s spinom. Zato potrebujemo operatorje za sipanje hadronov s spinom.
V delih objavljenih pred na²im je bila ve£ina operatorjev namenjena sipanju delcev
brez spina. Operatorje za sipanje delcev s spinom smo dolo£ili na tri razli£ne na£ine,
ki jih bomo predstavili v slede£emu delu.
Nekateri pristopi potrebni za dolo£itev operatorjev za sipanje delcev s spinom
so bili znani ºe predhodno. Metoda parcialnih valov je bila opisana v [27, 28],
projekcijska metoda je bila opisana v [29, 30], eno hadronska stanja z dobro dolo-
£eno vija£nostjo so opisana v [31] ter dvohadronska stanja z dolo£eno vija£nostjo
so opisana v [28, 32]. lanek [33] dolo£i ²tevilo operatorjev v posamezni nerazce-
pni upodobitvi s kombiniranjem nerazcepnih upodobitev za posamezen hadron. Do
izra£una operatorjev za sipanje dveh delcev s spinom je vodila kljub na²tetemu ²e
dolga pot. V na²emu delu smo izra£unali dvo-hadronske operatorje z dobro vija£no-
stjo, pokazali smo da dajo tri metode konsistente rezultate ter dokazali vse potrebne
dokaze za te trditve.
Pred na²im delom je bila ve£ina izra£unanih operatorjev za sipanje delcev s
spinom S ̸= 0 podana le za sipanje v parcialnemu valu l = 0, medtem ko so bili vi²ji
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parcialni valovi zanemarjeni. Kot prvi smo natan£no izra£unali in navedli operatorje
za vi²je parcialne valove v dvohadronskemu sipanju, kjer sta oba delca nosila spin
S > 0. Od na²e objave so drugi opravili ²e ve£ ²tudij za sipanje z l > 0 ([34, 35, 36,
37, 38]) ter celo za sklopljeno sipanje hadronov z l > 0 ([39]).
V tej sekciji bom najprej opisala lastnosti dvo-hadronskih operatorjev. Predsta-
vila bom tri razli£ne metode za izra£un operatorjev za sipanje dveh delcev s spinom
z skupno gibalno koli£ino P tot = 0. Prikazala bom povezave med posameznimi
metodami za izra£un. Navedla bom operatorje za sipanje vektorskega mezona in
nukleona (V N operatorji) izra£unanimi z metodo parcialnih valov in subducirane
na izbrano nerazcepno upodobitev. Navedene operatorje smo uporabili pri ²tudiji
sipanja nukleona in mezona J/ψ v eno-kanalnemu pribliºku, ki je predstavljen v
zadnjemu delu te teze. V masnemu spektru protona in J/ψ mezona je bil leta 2015
odkrit £aroben pentakvark Pc ([2, 3, 4, 5]).
8.4.1 Tri metode za izra£un operatorjev in transformacijske
lastnosti
V na²emu delu smo izra£unali le operatorje za sipanje delcev s skupno gibalno ko-
li£ino P tot = 0. Stanja, ki so denirana s temi operatorji, imajo dobro deni-
rano parnost P in v zveznemu prostoru imajo dobro deniran spin J in njegovo
z−komponento mJ . V zveznemu prostoru se stanje transformira, kot je podano v








J (0) R ∈ O(2), IOJ,mJ (0)I = (−1)POJ,mJ (0) .
(8.25)
Operatorji podobni zveznim (8.19,8.25) bodo vmesni korak v dolo£itvi operatorjev
za diskreten primer.
Na kubi£ni mreºi je rotacijska grupa zmanj²ana na kubi£no grupo R ∈ O z 24
elementu za celo²tevil£en J . Elementi rotacijske grupe so podani s kotom rotacije
ω okoli osi n. Ti elementi so navedeni v Tabeli A.1 £lanka [40]. Za opis obna²anja
sistema s pol-celim spinom potrebujemo dodatne elemente, ki jih najdemo v grupi
O2. O2 ima 48 elementov. 24 elementov je enakih tistim iz rotacijske grupe O,
dodatnih 24 elementov ima enako os rotacije n, kot pa je enak π ≤ ω < 3π, kjer
je ωi+24 = ωi + 2π. Inverzija prostora, ²tevilo elementov ponovno podvoji R =
{R, IR} ∈ O(2)h - kon£na grupa O
(2)
h ima 96 elementov.
Upodobitev z dolo£enim J je razcepna glede na grupo O(2)h , zato mi i²£emo stanja










−1)OΓ,r′ R ∈ O(2), IOΓ,rI = (−1)POΓ,r . (8.26)
Sistem s celim spinom se transformira glede na nerazcepne upodobitve Γ =
A±1,2, T
±




V nadaljevanju bomo upo²tevali le dvo-hadronska stanja s skupno gibalno koli-
£ino Ptot = 0. Za tak²na stanja je parnost dobro kvantno ²tevilo. K vsaki nerazcepni
upodobitvi prispevajo samo lihi ali samo sodi parcialni valovi. Za Ptot ̸= 0 temu ni
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3 A2(1)⊕ T1(3)⊕ T2(3)
Tabela 8.5: Zvezen spin J , nerazcepna upodobitev Γ v katero se subducira ter
dimenzija nerazcepne upodobitve dimΓ za grupo O(2).
tako, operatorji me²ajo parnost, kar vodi k ve£jemu ²tevilu lastnih stanj v vsaki
nerazcepni upodobitvi. Za dolo£itev faznega premika potrebujemo ve£ pribliºkov in
ocen.









−1 , n = 1, .., nmax . (8.27)
Ta metoda je opisana v poglavju 4.19 knjige [41]. V zgornjemu izrazu je Hh eno-
hadronski operator za hadron h, z dolo£eno velikostjo gibalne koli£ine |p| pri £emer
je smer gibalne koli£ine p in projekcija spina ms poljubna. V kon£nih operatorjih
smo upo²tevali vse mogo£e kombinacije smeri gibalne koli£ine in polarizacije obeh
delcev. Za dolo£en |p|, Γ in r lahko dobimo ve£ kot en linearno neodvisen operator
O|p|,Γ,r,n, ki ga ozna£imo z n. Za operator R̃ ∈ O(2)h v (8.27), ki simbolizira rotacijo R
(po potrebi ga lahko kombiniramo z inverzijskim operatorjem I) v praksi uporabimo
R̃H(1)H(2)R̃−1 = R̃H(1)R̃−1 R̃H(2)R̃−1, R̃ ∈ O(2)h , (8.28)
obna²anje hadronskega operatorja glede na rotacijo R ali inverzijo I je opisano v
ena£bi 8.19. Matrike za vse nerazcepne upodobitve T Γ(R̃) za vse rotacijske elemente
R so na²tete v dodatku A £lanka [40].
Projekcijska metoda je zelo ²iroko uporabna, vendar ne nudi nobene zikalne
intuicije o temu kako bi operatorje O|p|,Γ,r,n z razli£nimi n interpretirani v jeziku
kontinuumskih kvantnih ²tevil J, l in S.
Metoda parcialnih valov in metoda vija£nosti nudita informacijo o kontinuumskih
kvantnih ²tevilih. Operatorji za ºeljeno nerazcepno upodobitev v teh dveh metodah
so izra£unani v dveh korakih. V prvemu koraku izra£unamo operator, ki nosi in-
formacijo o kvantnih ²tevilih nima pa nobene informacije o nerazcepni upodobitvi
oktahedralne grupe. Dobra kvantna ²tevila v na²ih primerih (za skupno gibalno
koli£ino Ptot = 0) so skupna vrtilna koli£ina J , njena projekcija mJ ter parnost P .
Tak operator nato projeciramo na izbrano nerazcepno upodobitev.
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V metodi parcialnih valov operator za sipanje hadronov H(1) in H(2) s spinom
S1 in S2 deniramo kot funkcijo skupne vrtilne koli£ine J , njene projekcije mJ , par-















Parnost operatorja (En. 8.29) je dolo£ena kot P = P1 P2 (−1)L. Za sipanje dveh
nukleonov so tak operator izra£unan z metodo parcialnih valov predstavili v [27].
V En. 8.29 je C Clebsch-Gordanov koecient, p je gibalna koli£ina z dolo£eno |p|,
YLmL(R̂p) je sferi£ni harmonik za smer (θ, ϕ). Smer (θ, ϕ) je dolo£ena z normalizi-
ranim vektorjem R̂p. V operatorjih (8.29) uporabimo eno-hadronske operatorje, ki
so denirani v (8.18). Za cel in pol-cel J se²tejemo po 24ih elementih oktahedralne
grupe (R ∈ O), ker rotaciji ω in ω + 2π rotirata gibalno koli£ino p na enak na£in.
Druga metoda za izra£un operatorjev z dobro deniranimi lastnostmi hadronov
je metoda vija£nosti. Vija£nost h je projekcija spina S na smer gibalne koli£ine p
(S in p sta tridimenzionalna vektorja)
h ≡ S· p
|p|
. (8.30)
Za razliko od projekcije spina ms, ki je dobro kvantno ²tevilo le za stanja z p = 0,
je vija£nost h dobro kvantno ²tevilo za stanja kjer p ̸= 0. Stanja z dobro vija£nostjo
h so za sipanje v zveznemu prostoru uporabljena v [16]. Na mreºi so eno hadronska
stanja z dobro deniranim h opisana v [31].
Stanje z dobro deniranim h dobimo z rotacijo Rp0 stanja, ki ima gibalno koli£ino
v smeri pz = ez in ima zato dobro deniran ms





−1, pz ∝ ez, |pz| = p .
(8.31)
Zgornji index h pomeni, da polarizacijski index pove vrednost vija£nosti in ne ms.
Poljubna rotacija R takega stanja rotira le smer gibalne koli£ine in ohranja vija£nost
[16, 31]
R|p, s, λ⟩h = e−iφ(R)|Rp, s, λ⟩h, RHhλ(p)R−1 = eiφ(R)Hhλ(Rp) , (8.32)
kjer je le φ(R) funkcija rotacije R.












Operator, ki ima vklju£eno ºeljeno projekcijo parnosti P = ±1 izra£unamo z
1
2
(O + PIOI). Operator z dobro vija£nostjo λ, vrtilno koli£ino J , parnostjo P in























Raz²irjeni povzetek v slovenskem jeziku
kjer je hadron z dobro denirano vija£nostjo H(h) izraºen s polji Hms(pz) (8.31) , ki
imajo dobro deniran ms. Za dolo£en p z danim |p|, opravimo rotacijo Rp0 gibalne
koli£ine pz ∝ ez v p. Za to rotacijo je mogo£ih ve£ razli£nih Rp0, njihov rezultat se
razlikuje le v fazi kon£nega operatorja (8.34 ), zato so vsi ustrezni Rp0 enakovredni.
V simulacijah potrebujemo operatorje, ki se transformirajo v skladu z nerazcepno
upodobitvijo Γ in vrstico r. Operatorji izra£unani z metodo vija£nosti in parcialnih
valov so denirani glede na skupno vrtilno koli£ino J in mJ in bi bili nerazcepni le
za zvezno rotacijsko grupo R ∈ SO(3). Za diskretno rotacijsko grupo R ∈ O(2)h je
J razcepen. Operatorje OJ,mJ zato projeciramo na izbrane nerazcepne upodobitve
grupe O(2)h ([42, 43] ). Projeciranje operatorjev je podobno za operatorje O
J,mJ
denirane z










Koecienti S so realni in jih lahko za vse nerazcepne upodobitve in njihove vrstice
najdemo v dodatkih £lankov [42, 43].
Ena£ba 8.35 namiguje, da so operatorji izra£unani z metodo parcialnih valov in























Izpeljava povezave se nahaja v dodatku F.
Obstaja tudi £etrta metoda izra£una operatorjev, ki pa smo jo uporabili v na-
²emu delu le za preverjanje ²tevila linearno neodvisnih operatorjev o kateri govorimo
v nadaljevanju. V tej metodi ([32, 45, 46]) so dvo-hadronski operatorji v dolo£eni
nerazcepni upodobitvi Γ dolo£eni s kombiniranjem eno-hadronskih nerazcepnih upo-
dobitev Γ1,2: Γ1 ⊗ Γ2 → Γ.
8.4.2 Linearno neodvisni operatorji
tevilo linearno neodvisnih operatorjev N v korelacijski funkciji je enako ²tevilu
re²itev generaliziranega problema lastnih vrednosti (GEVP) za korelacijsko funkcijo
C. Zato je pomembno, da vemo koliko linearno neodvisnih operatorjev je v vsaki
nerazcepni upodobitvi. tevilo linearno neodvisnih operatorjev lahko izra£unamo na
razli£ne na£ine. Mi smo uporabili na£in, ki sta ga opisala Fleming in Moore [33, 45]
in uporablja Clebsh-Gordanove koeciente za dolo£itev ²tevila operatorjev v vsaki
nerazcepni upodobitvi. V tabeli 8.6 najdemo ²tevilo vseh operatorjev za posamezen
kanal in absolutno vrednost gibalne koli£ine |p| v vseh nerazcepnih upodobitvah
skupaj. V tabeli 8.6 in nadaljevanju pomenijo oznake P, V in N hadronska stanja
s JP = 0−, 1− in 1
2
+. tevilo operatorjev v vsakemu kanalu za vsako nerazcepno
upodobitev je podano v dodatku G.
Linearno neodvisne operatorje smo poiskali z Gram-Schmidtovo ortogonalizacijo
na operatorjih, ki smo jih izra£unali s projekcijsko metodo ali z metodo parcialnih
valov. Zbirko linearno neodvisnih operatorjev za nek sipalni kanal smo poimenovali
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PP PV VV NP NV NN
|p|2 = 0 1 3 9 2 6 4
|p|2 = 1 6 18 54 12 36 24
|p|2 = 2 12 36 108 24 72 48
Tabela 8.6: tevilo linearno neodvisnih operatorjev za razli£ne dvohadronske kanale
in razli£ne absolutne vrednosti gibalne koli£ine
baza operatorjev za neko nerazcepno upodobitev z dolo£enim |p|. Metodi parcialnih
valov in vija£nosti sta povezani (8.36) zato za metodo vija£nosti nismo iskali linearno
neodvisne baze. Za operatorje izra£unane z metodo parcialnih valov smo poiskali
kombinacije kvantnih ²tevil (J, L, S), ki so denirale operatorje v bazi. Za to me-
todo smo se odlo£ili, ker nudi najve£ zikalnih informacij za sipanje dveh hadronov.
Vse baze prostora so enakovredne. Obstaja linearna zveza med baznimi operatorji
izra£unanimi s katerokoli od navedenih metod.
Kot primer si oglejmo operatorje za sipanje nukleona in vektorskega mezona
(V N) v nerazcepni upodobitvi G−1 z |p|2 = 1. Ta primer je izbran, ker je bil leta
2015 v invariantnemu masnemu spektru protona in mezona J/ψ odkrit £aroben
pentakvark Pc. Za sipanje nukleona in vektorskega mezona je pri£akovano ²tevilo
linearno neodvisnih operatorjev v vsaki vrstici vsake nerazcepne upodobitve grupe
O
(2)
h podano v tabeli 8.7.
|p|2 G+1 G−1 G+2 G−2 H+ H−
∑
0 0× 2 1× 2 0× 2 0× 2 0× 4 1× 4 6
1 2× 2 2× 2 1× 2 1× 2 3× 4 3× 4 36
2 3× 2 3× 2 3× 2 3× 2 6× 4 6× 4 72
Tabela 8.7: tevilo linearno neodvisnih operatorjev za vsako vrstico r nerazcepne
upodobitve Γ za V N sipanje za vsak |p| posebej. Skupno ²tevilo operatorjev v
nerazcepni upodobitvi je dobljeno tako, da je ²tevilo linearno neodvisnih operatorjev
pomnoºeno s ²tevilom vrstic v vsaki ner. upodobitvi.
Iz tabele 8.7 preberemo, da za V N sipanje z momentom |p|2 = 1 v nerazcepni
upodobitvi G−1 pri£akujemo 2 linearno neodvisna operatorja. V metodi parcialnih
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(|p|2 = 1) = N− 1
2
[ex] (Vx [−ex]− iVy [−ex]) +N− 1
2
[−ex] (Vx [ex]− iVy [ex])
+N− 1
2
[ey] (Vx [−ey]− iVy [−ey]) +N− 1
2
[−ey] (Vx [ey]− iVy [ey])
+N− 1
2
[ez] (Vx [−ez]− iVy [−ez]) +N− 1
2
[−ez] (Vx [ez]− iVy [ez])
+N 1
2
[ex]Vz [−ex] +N 1
2





[−ey]Vz [ey] +N 1
2










(|p|2 = 1) = −N− 1
2
[ex] (2Vx [−ex] + iVy [−ex])−N− 1
2
[−ex] (2Vx [ex] + iVy [ex])
+N− 1
2
[ey] (Vx [−ey] + 2iVy [−ey]) +N− 1
2
[−ey] (Vx [ey] + 2iVy [ey])
+N− 1
2
[ez] (Vx [−ez]− iVy [−ez]) +N− 1
2
[−ez] (Vx [ez]− iVy [ez])
+N 1
2
[ex]Vz [−ex] +N 1
2
[−ex]Vz [ex] +N 1
2





[ez]Vz [−ez]− 2N 1
2
[−ez]Vz [ez] .
Z Gram-Schmidtovo ortogonalizacijo poi²£emo kombinacijo kvantnih ²tevil, ki
denirajo bazo operatorjev izra£unanih z metodo parcialnih valov za katerokoli ne-
razcepno upodobitev. V tabeli 8.8 so navedena kvantna ²tevila (J, l, S), ki pri dolo-
£eni gibalni koli£ini |p| denirajo bazo tipov operatorja v nerazcepni upodobitvi G−1
za sipanje nukleona N in vektorskega mezona V .


























Tabela 8.8: Tipi operatorjev za sipanje NV v nerazcepni upodobitvi G−1
Operatorja v isti nerazcepni upodobitvi izra£unana s projekcijsko metodo sta
OV N,(Γ,r,n)=(G
−
1 ,1,1)(|p|2 = 1) =N− 1
2





[−ez]Vx [ez]− iN− 1
2




















1 ,1,2)(|p|2 = 1) =N− 1
2
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8.5. Simulacija sipanja na mreºi NJ/ψ in Nηc
Bazi sta ne glede na metodo izra£una enakovredni, zato obstaja linearna zveza,
ki bazni operator izra£unan z eno metodo izrazi kot linearno kombinacijo baznih
operatorjev izra£unanih z drugo metodo. Za primer zgornjega sipanja V N z |p|2 = 1
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1 ,1,2)(|p|2 = 1).
Dolo£ili smo zveze med operatorji za razli£ne sipalne kanale (PP , PV , PN , V V
in NN) v vseh nerazcepnih upodobitvah Oh in za |p|2 ≤ 1. Operatorji so na enak
na£in navedeni v dodatkih G in H.
8.5 Simulacija sipanja na mreºi NJ/ψ in Nηc
V nadaljevanju je predstavljena prva ²tudija eno-kanalnega sipanja NJ/ψ in Nηc,
pri energijah ki doseºejo podro£je £arobnega pentakvarka Pc. Glede na izvirni £lanek
je na²a raziskava predstavljena tako, da so upo²tevani tudi novej²i eksperimentalni
izsledki o pentakvarku Pc ([4, 5, 6, 74]).
Pentakvark Pc ≃ uudcc̄ je bil opaºen le v p − J/ψ sipalnemu kanalu. Za dan
spin JP je veliko moºnih kombinacij za njegov razpad preko mo£ne interakcije.
Poleg razpada na nukleon (qqq) in £armonij (c̄c), bi lahko razpadel tudi na razli£ne
kombinacije £arobnega mezona (qc̄) in £arobnega barijona (qqc). Simulacija vseh
moºnih kanalov bi bila preve£ zahtevna in £asovno potratna. Odlo£ili smo se, da
bomo zato simulirali le dva kanala v eno-kanalnemu pribliºku. Simulirali smo kanal
NJ/ψ v kateremu je bil Pc odkrit in Nηc. Predhodne ²tudije sipanja £armonija in
nukleona (cc̄ − N) niso dosegle energijskega podro£ja (4.1 − 4.5 GeV), kjer je bil
opeºen pentakvark Pc.
V ²tudiji smo se osredoto£ili na eno-kanalni pribliºek sipanja v kanalih Nηc
oziroma NJ/ψ. Energije za neinteragirajo£e energijske nivoje pri sipanju (E(|p|2) =
EN(|p|2) + EJ/ψ,ηc(|p|2)) smo dolo£ili iz eno-hadronskih energij za nukleon N , ter
mezona J/ψ in ηc (Tabela 8.4). Vse simulacije smo operavili za skupno gibalno
koli£ino P = pH1 +pH2 = 0, kjer je pH1 = −pH2 = p. Za tak²en primer je parnost
P dobro kvantno ²tevilo.
Vsak tip operatorja denira eno pri£akovano stanje v neinteragirajo£i limiti in
je deniran s kombinacijo kontinumskih kvantnih ²tevil (|p|, J, l, S) ter nerazcepne
upodobitve Γ . V korelacijski matriki je vsak tip operatorja predstavljen z do ²estimi
operatorji za primer sipanja N−J/ψ mezona ali N−ηc mezona. Za na² primer smo
operatorje izra£unali v metodi parcialnih valov, ker taki operatorji nosijo najlaºje
razumljivo informacijo o delcih v sipanju ter o kon£nemu stanju. Je pa izbira metode
za izra£un operatorjev popolnoma poljubna. Pomembno je le, da vzamemo celotno
bazo tipov operatorja. Kot reprezentativni primer za izra£un korelacijske funkcije,
dolo£itev energijskega spektra ter primerjavo z napovedjo iz Lüscherjeve ena£be bom
predstavila sipanje nukleona in mezona J/ψ v nerazcepni upodobitvi G−1 .
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8.5.1 Primer sipanja nukleona in mezona J/ψ v nerazcepni
upodobitvi G−1
tudija eno-kanalnega sipanja v dolo£eni nerazcepni upodobitvi Γ je sestavljena iz
treh glavnih delov. V prvemu delu izra£unamo korelacijsko matriko na mreºi ter iz
nje dolo£imo energijski spekter za sipanje v izbranemu kanalu ter dolo£eni neraz-
cepni upodobitvi. V drugemu delu z uporabo Lüscherjevega formalizma napovemo
energijski spekter za sipanje v primeru, ko je Pc sklopljen le na opazovan sipalni
kanal. V tretjemu delu oba izra£unana spektra primerjamo in iz njune primerjave
poi²£emo zikalno interpretacijo na²ih rezultatov na mreºi.
Izra£un lastnih energij na mreºi
V prvemu delu uporabimo izra£unane operatorje ter iz njih sestavimo korelacijsko
matriko. Iz analize korelacijske funkcije dolo£imo lastne energije, ki so izra£unane
na mreºi. V simulaciji smo zanemarili nepovezane Wickove kontrakcije za Pc, ki
izhajajo iz nepovezanih kontrakcij za £armonij. To je precej pogosta praksa, saj
bi morali za pravilno upo²tevanje teh kontrakcij simulirati veliko ²tevilo razli£nih
stanj med izvorom in ponorom, ki lahko nastanejo s tvorbo parov kvarka in an-
tikvarka iz vakuma. Kontrakcije, ki smo jih upo²tevali, so prikazane na sliki 8.3.
Obe kontrakciji za nukleon smo zdruºili s povezano kontrakcijo za mezon. V dani
Slika 8.3: Wickove kontrakcije ki smo jih uporabili v na²i simulaciji za enokanalni
pribliºek.
aproksimaciji nobena od kontrakcij ne povezuje nukleonskega z mezonskim inter-
polatorjem. Hadrona lahko simuliramo lo£eno ter ju nato zdruºimo v korelacijsko
matriko za sipanje, kot nam pove izbran tip operatorja.
tevilo linearno neodvisnih tipov operatorjev v vrstici nerazcepne upodobitve
je enako ²tevilu skoraj degeneriranih stanj, ki jih pri£akujemo v neinteragirajo£i
limiti za sipanje v isti nerazcepni upodobitvi. Pojav skoraj degeneriranih stanj
je posledica sipanja delcev s spinom, saj lahko sipanje z razli£nimi kombinacijami
parcialnega vala l in skupnega spina delcev S pripelje do enakega J . Na primer:
sipanje N − J/ψ z (l, S) = (0, 1
2
) in (l, S) = (2, 3
2
) lahko vodi do stanja z istim
J = 1
2
. Baza tipov operatorjev natan£no dolo£i korelacijsko matriko za sipanje. Iz
katere potem izra£unamo energijski spekter. Za nerazcepno upodobitev G−1 je baza
navedena v tabeli 8.8.
Za sipanje N − J/ψ v nerazcepni upodobitvi G−1 pri£akujemo v neinteragirajo£i
limiti 6 stanj (Tabela 8.9). Pri£akujemo eno stanje blizu energije E = EN(|p|2 =
0) + EJ/ψ(|p|2 = 0), dve skoraj degenerirani stanji blizu energije E = EN(|p|2 =
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1) + EJ/ψ(|p|2 = 1) in tri skoraj degenerirana stanja pri energiji E = EN(|p|2 =






Tabela 8.9: tevilo stanj v ne-interagirajo£i limiti v nerazcepni upodobitvi G−1
Za sipanje nukleona in mezona J/ψ v S valu (l = 0) z J = 1
2
in spinom S = 1
2
v
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V izrazu 8.38 je enohadronska korelacijska funkcija na konguraciji c je enaka CHpol,pol′ (p, p
′) =
⟨0|Hpol(p)H̄pol′(p′)|0⟩c, kjer ustvarimo delec H z gibalno koli£ino p′ in polarizacijo
pol′ ter anihiliramo delec z gibalno koli£ino p in polarizacijo pol. Dvohadronsko kore-
lacijsko funkcijo zapi²emo kot vsoto produktov eno-hadronskih korelacijskih funkcij
CHpol,pol′ (p, p
′), ki smo jih ºe predhodno izra£unali. To lahko storimo, ker dela za
£armonij in nukleon nista povezana v nobeni od kontrakcij upo²tevanih kontrakcij
(Sl. 8.3).
Produkte eno-hadronskih korelacijskih funkcij smo izra£unali na vsaki kongu-
raciji c za vsako vrstico r nerazcepne upodobitve Γ posebej. Korelacijsko funkcijo
smo nato povpre£ili po vrsticah nerazcepne upodobitve in s tem zmanj²ali napake
kon£nih rezultatov.
Efektivne energije smo izra£unali z re²evanjem generaliziranega problema lastnih
vrednosti (GEVP) za tako dobljeno korelacijsko funkcijo. Iz £asovne odvisnosti la-
stnih vektorjev λn ∝ e−Ent smo dolo£ili lastne energije sistema. Energije izra£unane
na mreºi za sipanje N − J/ψ mezona v nerazcepni upodobitvi G−1 so prikazane na
sliki 8.4 njihove vrednosti En ter pripadajo£e napake σEn so navedeni v Tabeli 8.10.
V spektru izra£unanemu na mreºi dobimo ²est stanj. tevilo dobljenih stanj
se ujema s ²tevilom stanj, ki jih pri£akujemo v ne-interagirajo£i limiti za sipanje
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Slika 8.4: Spekter efektivnih energij za sipanje nukleona in vektorskega mezona
J/ψ v nerazcepni upodobitvi G−1 izra£unan na mreºi. Opazimo vseh ²est stanj, ki
jih pri£akujemo v ne interagirajo£i limiti. Ne opazimo dodatnega stanja, ki bi ga
pri£akovali £e bi se Pc sklopljal le na kanal N−Jψ in ga vidimo na sliki 8.5. rtkane
£rte na sliki so ne-interagirajo£e energije za sipanje N [|p|2]J/ψ[−|p|2] z momentom
|p|2 = 0, 1, 2.







Tabela 8.10: Izra£unane energije v nerazcepni upodobitvi G−1
N − J/ψ mezona v nerazcepni upodobitvi G−1 (Tabela 8.9). Na sliki 8.4 so energije
neinteragirajo£ih energij prikazane s £rtkanimi £rtami. rna £rta ustreza neintera-
girajo£i energiji za sipanje N [|p|2]J/ψ[−|p|2] z momentom |p|2 = 0, rde£a za sipanje
z momentom |p|2 = 1 ter modra za sipanje z momentom |p|2 = 2. Vsa stanja, ki smo
jih izra£unali na mreºi, so blizu neinteragirajo£ih energij ter so skoraj degenerirana.
V spektru ne opazimo nobenega dodatnega stanja ali energijskega premika, ki bi
namigoval na resonanco.
Vsak tip operatorja, ki tvori bazo, opi²e eno stanje v spektru (8.4). e v analizi
uporabimo nepopolno bazo opazimo enako ²tevilo stanj, kot smo uporabili baznih
tipov operatorja. V primeru, da vklju£imo ²e dodatne tipe operatorjev, ki jih lahko
izrazimo z linearno kombinacijo baznih tipov operatorjev pa dodatnih stanj ne do-
bimo.
V analizi smo preizkusili razli£no ²tevilo operatorjev za vsak tip operatorjev.
V kon£ni analizi smo uporabili maksimalno 4 operatorje za vsak tip. Iz analize
smo popolnoma izklju£ili drugi nukleonski operator (Tabela 8.3), ki je povzro£il
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veliko napako pri rezultatih. S spreminjanjem ²tevila operatorjev za vsak tip se je
spreminjala le velikost napake v kon£nih rezultatih, ni pa vplivala na ²tevilo stanj
ali na pozicijo povpre£ne vrednosti. Podoben vpliv na velikost napake je imela tudi
sprememba baze, pri £emer upo²tevamo da je ve£ kot ena moºna izbira za nabor
kvantnih ²tevil, ki tvorijo bazo.
Analiti£en izra£un lastnih energij za Pc iz eksperimenta
V drugemu delu analiti£no napovemo energijski spekter za eksperimentalno izmerjen
£aroben pentakvark Pc. Analiti£en spekter izra£unamo z uporabo Lüscherjevega
formalizma.
Povezavo med lastnimi energijami sistema izra£unanimi na mreºi ter sipalno
amplitudo nam poda Lüscherjev formalizem za sipanje delcev s spinom [21, 47, 48,
49, 49, 51]. V Lüscherjevemu formalizmu iz kvantizacijskega pogoja
det
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dolo£imo zvezo med lastnimi energijami (na mreºi) ter sipalno amplitudo. V ena£bi
(8.39) je M(E) ∝ e2iδ(l,S) − 1 sipalna amplituda in G(E) iz literature znana kinema-
ti£na funkcija. Poenostavljena Lüscherjeva ena£ba za sipanje dveh delcev s spinom,
























kjer je M masa in Γ(E) ²irina resonance. M in Γ(E) sta eksperimentalno izmerjeni
koli£ini. Z re²evanjem sistema ena£b 8.40 in 8.41 lahko napovemo energijski spekter,
ki bi ga dobili na mreºi v primeru, da se resonanca z masoM in ²irino Γ(E) skloplja
le na en opazovani sipalni kanal.
Z Lüscherjevim formalizmom (8.40 in 8.41) smo napovedali spekter, za primer
ko bi se pentakvark Pc(4312) (M = 4311, 9 ± 0, 7 MeV in Γ = 9.8 ± 2.7) sklopljal





z Lüscherjevo ena£bo je predstavljena na sliki 8.5 z roza pikami. V primeru, da
bi se Pc(4312) sklopljal le na ta kanal bi pri masi resonance dobili dodatno stanje
glede na neinteragirajo£o limito, kjer dobimo stanja pri neinteragirajo£ih energijah
za mezon in nukleon z razli£nimi gibalnimi koli£inami. Z rjavimi pikami so vrisana
stanja, ki se pojavijo v isti nerazcepni upodobitvi so pa povezana z operatorji za
druga kvantna ²tevila, ki so navedeni v Tabeli 8.8.
Primerjava analiti£no izra£unanih lastnih energij z lastnimi energijami
izra£unanimi na mreºi
Spekter iz Lüscerjevega formalizma (sl. 8.5) primerjamo s spektrom, ki smo ga iz-
ra£unali iz korelacijske funkcije izra£unane na mreºi (sl. 8.4). V spektru na mreºi
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Slika 8.5: Analiti£na napoved spektra za sipanje nukleona in vektroskega mezona
J/ψ v nerazcepni upodobitvi G−1 , v primeru ko bi se Pc(4312) sklapljal le na sipalni




). Glede na neinteragirajo£o
limito, opazimo dodatno stanje pri energiji pentakvarka Pc(4312). Roza pike pred-
stavljajo stanja, ki smo jih izra£unali z re²evanjem Luscherjeve ena£be za primer, ko
se resonanca Pc(4312) skloplja le na sipanje N in mezona J/ψ v parcialnemu valu




). Rjave pike so stanja, ki jih tudi dobimo v




rtkane £rte na sliki so ne-interagirajo£e energije za sipanje N [|p|2]J/ψ[−|p|2] z mo-
mentom |p|2 = 0, 1, 2.
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dolo£imo vsa skoraj degenerirana stanja, ki jih napove neinteragirajo£a limita (Ta-
bela 8.9). Lastne energije opaºenih stanj so podane v Tabeli 8.10. V spektru ne
opazimo nobenega dodatnega stanja, ki bi namigovalo na resonanco, ki bi se sklo-
pljala samo na ta kanal. V okviru napake tudi ne opazimo nobenega energijskega
premika, zato lahko zaklju£imo, da na²i podatki izra£unani na mreºi ne podpirajo
obstoja resonance Pc, ki bi se sklopljala le na opazovani kanal.
Ta rezultat je v skladu z novej²imi eksperimentalnimi rezultati ([4, 6]), ki kaºejo
na to da je Pc najverjetneje vezano stanje £arobnega mezona (c̄q) in £arobnega
barijona (cud). Vsa novoodkrita ozka pentakvarkovska stanja leºijo blizu praga za
sipanje delcev D(∗) in Σc, medtem ko je sklopitev Pc na sipalni kanal N−J/ψ vseeno
potrebna za njegov obstoj.
8.5.2 Lastne energije za sipanje nukleona in mezona J/ψ ter
nukleona in mezona ηc
V temu delu so predstavljeni na²i rezultati za sipanje N − J/ψ in N − ηc v eno-
kanalnemu pribliºku za vse nerazcepne upodobitve. Rezultati so izra£unani na ana-
logen na£in, kot je opisan za nerazcepno upodobitev G−1 v prej²njemu podpoglavju.
Za oba kanala smo z Gram-Schmidtovo ortogonalizacijo dolo£ili bazo tipov opera-
torjev v vsaki nerazcepni upodobitvi. S pomo£jo te baze smo izra£unali korelacijske
funkcije za vsako nerazcepno upodobitev ter za vsako posebej z variacijsko metodo
dolo£ili lastne energije. Postopek je bil enak opisanemu v reprezentativnemu pri-
meru sipanja N − J/ψ v nerazcepni upodobitvi G−1 zgoraj.
Na slikah 8.6 in 8.7 so predstavljeni energijski spektri za eno-kanalno sipanje
N − J/ψ in N − ηc. rtkane £rte so ne-interagirajo£e energije za sipanje nukleona
N in mezona (J/ψ ali ηc) EN(p) +EM(−p). rna £rtkana £rta predstavlja energijo
za hadrona z gibalno koli£ino |p|2 = 0, rde£a za |p|2 = 1 ter modra za |p|2 = 2.
Gibalna koli£ina je podana v enotah 2π/L. Pik£asto £rtkane £rte so narisane pri
eksperimentalno dolo£enih masah pentakvarkovskih stanj (8.11).
Stanje M [MeV] Γ [MeV] verjeten JP
Pc(4312)














+ 4457.3± 0.6 6.4± 2.0 3
2
−
Tabela 8.11: Povzetek lastnosti za P+c iz [4]. J
P je podan na podlagi najverjetnej²ih
modelskih napovedi ([58, 59, 60, 61, 62, 63, 64, 65, 66, 67, 68, 69, 70, 71, 72, 73]) za
tri ozka stanja. Za ²iroko stanje je podana vrednost, ki jo je najverjetnej²a glede na
meritve LHCb ([2, 3])
Vsaka izra£unana lastna energija je predstavljena s pravokotnikom, sredina pra-
vokotnika je pri povpre£ni vrednosti En, njegova vi²ina pa ustreza dvakratniku iz-
ra£unane napake 2σEn . Vse mase in energije so zaradi lastnosti uporabljene mreºe
narisane glede na maso £armonija povpre£eno po spinu (mηc+3mJ/ψ)/4. V tej razliki
se pokraj²a vodilni prispevek mas mc. Ob vsakemu setu stanj na slikah je podano
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Slika 8.6: Spekter za sipanje nukleona in psevdoskalarnega mezona ηc v enoka-
nalnemu pribliºku za vse nerazcepne upodobitve (irrep) oktahedralne grupe. Nad
grafom so navedeni vsi JP , ki se subducirajo v dolo£eno irrep. Vsak pravokotnik
na sliki predstavlja eno lastno stanje. Sredina vsakega pravokotnika je pri vrednosti
En, njegova vi²ina pa ustreza dvakratniku napake 2σEn . rtkane £rte so pri ne-
interagirajo£ih energijah za sipanje protona in mezona J/ψ EN(p) + Eηc(−p), za
razli£ne vrednosti |p|2 = 0, 1, 2. rtkano pik£aste £rte pa so pri masah resonanc Pc
(Tabela 8.11). Energije so prikazane glede na maso £armonija povpre£eno po spinu
(mηc + 3mJ/ψ)/4. Barve pravokotnikov so poljubne.
²tevilo stanj, ki ga pri£akujemo v neinteragirajo£i limiti. tevili izra£unanih in pri-
£akovanih stanj se ujemata. To, da smo opazili tudi do ²estkrat degenerirana stanja
je eden izmed najve£jih doseºkov na²ega dela, saj je analiza korelacijske matrike za
tako velik sistem zelo kompleksna.
V primeru, ko bi se Pc sklopljal le na en kanal, bi v bliºini mase resonance
pri£akovali dodatno stanje glede na ne-interagirajo£o limito. V na²ih rezultatih
dodatnih stanj glede na limito brez interakcije ni. Ta rezultat ni zelo presenetljiv.
Nukleon in £armonij si ne delita valen£nih kvarkov zato v nobenemu primeru nismo
pri£akovali velike interakcije med njima. Po objavi na²ega dela so bili objavljeni
eksperimentalni rezultati ([4, 5, 6, 74]), ki so ²e dodatno zmanj²ali moºnost, da
bi bil Pc viden v temu pribliºku. Eksperiment GlueX [6] raziskuje fotoprodukcijo
£arobnega mezona J/ψ na protonu. tudija kanala γ + p → J/ψ + p, bi lahko
kot vmesno stanje vklju£evala tudi Pc resonance, ki pa jih ne opazijo. Pentakvark
bi opazili v temu kanalu, £e bi bila sklopitev kanala p + J/ψ na Pc dovolj velika.
Resonance Pc niso opazili in zato so lahko le dolo£ili zgornjo mejo za sklopitev Pc
na kanal p+ J/ψ.
Predstavila sem rezultate za sipanje NJ/ψ in Nηc v eno-kanalnemu pribliºku. V
primeru, ko bi se Pc sklopljal le na en kanal, bi v energijskemu spektru pri£akovali
dodatno stanje blizu mase pentakvarka. Dodatnih stanj glede na ne-interagirajo£o
limito v spektrih, ki smo jih izra£unali ni. Degeneracija, ki jo opazimo v spektrih
izvira iz spina delcev, ki se sipajo. Lahko zaklju£im, da na²i podatki ne podpirajo
modela, kjer bi bil Pc sklopljen le s kanalom N − J/ψ ali N − ηc.
To je tudi v skladu z novej²imi rezultati kolaboracije LHCb ([4]), ki nakazuje
interpretacijo, da je sklopitev pentakvarka na kanal ΣcD̄ (cud − c̄u) klju£na za
obstoj Pc. Vsi novoodkriti pentakvarki leºijo blizu praga Σ+c D̄
0(∗), kar namiguje, da
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Slika 8.7: Spekter za sipanje nukleona in psevdoskalarnega mezona J/ψ v enoka-
nalnemu pribliºku za vse nerazcepne upodobitve (irrep) oktahedralne grupe. Nad
grafom so navedeni vsi JP , ki se subducirajo v dolo£eno irrep. Vsak pravokotnik
na sliki predstavlja eno lastno stanje. Sredina vsakega pravokotnika je pri vrednosti
En, njegova vi²ina pa ustreza dvakratniku napake 2σEn . rtkane £rte so pri ne-
interagirajo£ih energijah za sipanje protona in mezona J/ψ EN(p) + EJ/ψ(−p), za
razli£ne vrednosti |p|2 = 0, 1, 2. rtkano pik£aste £rte pa so pri masah resonanc Pc
(Tabela 8.11). Energije so prikazane glede na maso £armonija povpre£eno po spinu
(mηc + 3mJ/ψ)/4. Barve pravokotnikov so poljubne.
je sklopitev tega kanala s kanalomN−J/ψ pomembna za odkritje Pc v eksperimentu.
To je ena od moºnih razlag zakaj pentakvarka ne vidimo v na²ih rezultatih. LHCb
([74]) je pred kratkim iskal znake pentakvarkov Pc v spektru ηc + p, kjer ga niso
na²li. Tudi ta rezultat je v skladu z na²imi rezultati, ki ne podpirajo sklopitve Pc
izklju£no na kanal N − ηc.
8.6 Zaklju£ek
V tej tezi sem s hadronsko spektroskopijo v kvantni kromodinamiki na mreºi raz-
iskovala hadronske resonance, ki razpadajo v pare hadronov z in brez spina. Za
simulacijo sipanja na mreºi sem potrebovala operatorje za sipanje delcev s spinom.
V prvemu delu smo raziskali in izra£unali operatorje v razli£nih kanalih vklju£no z
operatorji za sipanje nukleona in vektorskega mezona. Leta 2015 kolaboracija LHCb
odkrila pentakvark Pc v spektru p−J/ψ. V drugemu delu teze smo iskali resonance
Pc v enokanalnemu pribliºku sipanja nukleona in mezona J/ψ oziroma nukleona z
mezonom ηc.
Operatorje za sipanje delcev s spinom smo izra£unali v treh razli£nih metodah,
ki smo jih opisali in primerjali. Projekcijska metoda uporablja matemati£ne zako-
nitosti nerazcepnih upodobitev za izra£un operatorjev. Metoda parcialnih valov ter
metoda vija£nosti denira operatorje glede na lastnosti hadronov in kon£nega stanja.
Metoda parcialnih valov denira stanja z dobro dolo£eno skupno vrtilno koli£ino J ,
parcialnim valom l ter skupnim spinom S. Metoda vija£nosti izra£una stanja, kjer
imata oba hadrona ter kon£no stanje dobro denirano vija£nost. Dokazali smo,
da dajo vse tri metode enakovredne bazne operatorje in da imajo tako izra£unani
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operatorje ºeljene transformacijske lastnosti. Operatorje izra£unane po eni metodi
lahko zapi²emo kot linearno kombinacijo operatorjev izra£unanih po drugi metodi.
Dolo£ili smo kvantna ²tevila (J, l, S), ki tvorijo linearno neodvisno bazo operator-
jev izra£unanih v metodi parcialnih valov za vsako nerazcepno upodobitev rotacijske
grupe O(2)h . Ostale operatorje lahko izrazimo kot linearne kombinacije baznih ope-
ratorjev. Pokazali smo tudi, da je ²tevilo linearno neodvisnih operatorjev enako
ne glede na metodo izra£una in je enako ²tevilu stanj v ne-interagirajo£i limiti za
sipanje dveh hadronov.
V drugemu delu teze sem predstavila rezultate prve simulacije sipanja v kanalih,
ki bi lahko skrivali pentakvark Pc opaºen le v kanalu p − J/ψ. Pc ima minimalni
okusno sestavo uudcc̄ in lahko razpade v pare N−J/ψ ali N−ηc, kjer N predstavlja
proton. Sipanje N − J/ψ in N − ηc smo raziskovali v enokanalnemu pribliºku, ki
bi lahko vodil do Pc ([2, 3, 74]). Uporabili smo Lüscherjevo ena£bo in napovedali
lastne energije za sipanje N − J/ψ v primeru, ko bi se Pc iz eksperimenta sklapljal
le na ta kanal. Pri£akujemo, da bi v temu primeru opazili dodatno stanje glede na
ne-interagirajo£i primer z energijo blizu mase Pc.
Pri ²tudiji sipanja smo uporabili operatorje za sipanje PN in V N , ki smo jih
izra£unali z metodo parcialnih valov v prvemu delu teze. Korelacijsko funkcijo za
sipanje smo izra£unali s kombiniranjem eno-hadronskih rezultatov za N in mezona
J/ψ ter ηc. Z re²evanjem generaliziranega problema lastnih vrednosti smo dolo£ili
lastne energije sistema za oba kanala. Ugotovili smo, da se ²tevilo opaºenih stanj
ujema s ²tevilom pri£akovanih skoraj degeneriranih stanj v ne-interagirajo£i limiti,
ki jih dobimo kot rezultat sipanja hadronov s spinom. Izlu²£ili smo vsa pri£akovana
stanja, ki jih napove ne-interagirajo£a limita. V tej limiti pri£akujemo stanja blizu
energije EN(p) +EJ/ψ(−p) ali EN(p) +Eηc(−p), kjer je p = 2πL n. Opazili nismo no-
benih dodatnih stanj. Zato lahko zaklju£im, da na²i rezultati ne podpirajo scenarija
kjer bi bil Pc sklopljen le na kanal NJ/ψ ali Nηc. Na²i rezultati namigujejo, da je
Pc najverjetneje posledica u£inka sklopljenih kanalov ali interakcije v kanalu ΣcD̄
na kar kaºejo novej²i eksperimentalni rezultati. ([4, 74]).
Novej²i eksperimentalni rezultati ([4, 74]) podpirajo interpretacijo, da je kanal
ΣcD̄ klju£en za obstoj Pc. Vse novoodkrite resonance Pc leºijo blizu praga Σ+c D̄
0(∗),
kar kaºe da je sklopitev teh kanalov s kanalom pJ/ψ verjetno klju£na za obstoj
pentakvarka Pc. Ta scenarij bi tudi razloºil zakaj v na²ih rezultatih, kjer je pJ/ψ
popolnoma nesklopljen, ne opazimo resonance Pc. Taka razlaga je tudi v skladu z
vsemi trenutnimi eksperimentalnimi rezultati.
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